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Introduction 


7 DYNAMIC LOADING On spur gear teeth is the 
maximum momentary load imposed on the gear teeth by the 
conditions of service including the influence of errors in the 
gear teeth. The extent and nature of the dynamic loading have 
long been open questions. Its magnitude is always assessed with 
considerable amount of guesswork aided with different empirical 
and theoretical formulas. The well-known formulas are those 
of Buckingham [1],! Tuplin [2, 3], and Reswick [4]. 

In this investigation the electric resistance strain gages have 
been used to record the deflections of the gear teeth and to 
measure the maximum instantaneous load on the tooth as it 
traverses the zone of contact at different speeds and under dif- 
ferent loads. 

The test gears are made of E.N. 39-4!/, per cent Ni-Cr case- 
hardened steel. They are of 5-in. mesh circle diameter and 20 
teeth of the British Standard Involute form with 20-deg pressure 
angle and 4-diametral pitch. 


The Measuring Apparatus 


The machine used is 5-in. center gear testing machine shown in 
Fig. 1. It is of the power circulating type in which two pairs of 
gears having the same tooth ratio are joined by two shafts in 
which torque is applied to load one pair of gears against the 
other, the driving motor being required to supply only the rota- 
tion and the power losses. 

The test gears are mounted on readily accessible splined shafts 
in one gear box which is fixed rigidly to the base of the machine 
and the power return gears (or slave gears), which are of greater 
face width, are mounted on similarly splined shafts in another 
gear box which is free to rotate in trunnions about the axis of the 
input drive shaft. The four gear shafts are joined by means of 
splined sleeves to two coupling shafts, one of which incorporated 
two Hooke’s joints to accommodate the movement of the power 
return gear box in its trunnion. On the latter gear box is built a 
balanced loading lever by means of which, together with the 1000- 
lb spring balance and screw device, torque can be applied to the 
gear system while the gears are rotating. 

The two test gear shafts were replaced by two longer shafts ex- 
tending to the outside test gear box in order to carry the test gears 
in easily accessible positions. Each test gear is fastened to the 
flange of its shaft by ten pins. 


The Strain Gage Arrangement 


As shown in Fig. 2 a small rectangular piece of steel was 
soldered to the side of one of the teeth of the driven gear. A 
steel disk of the same diameter as that of the gear was fastened 


firmly to the body of the gear. 


The small soldered piece pro- 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Machine Design Division and presented at 
the Semi-Annual Meeting, New York, N. Y., June 15-19, 1958, of 
THe AMERICAN Society OF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 


understood as individual expressions of their authors and not those 
of the Society. 
ber 16, 1957. 


Manuscript received at ASME Headquarters, Decem- 
Paper No. 58—-SA-32. 
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Dynamic Loading of Spur Gear Teeth 


The paper presents results of strain gage investigations conducted on steel spur gears to 
measure the instantaneous load on the tooth under static and dynamic conditions. 


Five-inch center gear testing machine 


jected into a reetangular slot in the disk with about 0.05-in. 
clearance. The outer surface of the disk and the steel piece were 
ground together. 

An electric resistance strain gage, of the Rotol wire-wound type 
of 10,000-ohms resistance and !/, X 3/s-in. size, was fixed to the 
steel disk and to the gear, so as to bridge the gap. 

The strain gage in this case is used as extensometer to measure 
the deflection of the loaded tooth with respect to the unstrained 
disk. 

A slip-ring arrangement, shown in Fig. 2, is used to transmit 
the electric signal from the strain gage fixed on the rotating gear 
to the stationary recording apparatus. It consists of nickel- 
plated copper disks mounted on a hollow spindle screwed to the 
machine shaft carrying the test gears. The copper disks are 
separated from one another by perspex washers. Short lengths of 
wire were taken through the spindle and out through radial holes 
and soldered on the copper disks. The copper disks dip in mer- 
cury inside cylindrical cavities of a perspex container which is fixed 
on a frame extended from the machine. 


The Electric Circuit 


The circuit diagram as shown in Fig. 3 is the general form of 
Wheatstone Bridge in which the strain gage is one of the arms. 
The calibration of the circuit is carried out by an accurate re- 
sistance in series with one of the arms. A Cambridge spot gal- 
vanometer was used for the static calibration of the strain gage. 
For the dynamic measurements a Furzhill Oscilloscope of the type 
1684 N was used. 
mm film by a Cossor Camera of speed varying from 0.1 to 25 in. 
per second. 


The traces were recorded on 5-B 52 Iford-35 


Experimental Procedure 


Experiments were carried out to record the deflections of the 
point on the profile where the strain gage is fixed at different 
speeds and at different loads. 

Traces were also recorded for the tooth deflections under dif- 


ferent loads when the machine was slowing down to rest. These 
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Fig. 3 Electric circuit 


traces, if compared with the corresponding traces recorded at 
speed, will show the effect of speed on the tooth deflection and the 
position of the maxirnum dynamic loading. The mesh between 
the gears was changed by pushing the driven gear shaft out after 
releasing its coupling bolts and rotating it until any desired tooth of 
the driving gear came in mesh with the tooth carrying the strain 
gage. By changing the mesh between the gears the amount and 
distribution of the errors between the gears were also changed. 


Dynamic and static records were taken for each mesh and com- 
pared with the corresponding static relative displacement dia- 
grams. 


Calibrations of the Strain Gage 


1 The oscilloscope screen was calibrated just before and after 
each dynamic record. 

2 Calibration curves of the tooth deflections under static loads 
were recorded at very low speed. From these curves, sets of 
curves could be drawn for the tooth deflection in terms of the 
change in resistance of the strain gage, when contact takes place 
at any point on the path of contact. 

3 Static calibration curves of the strain gage, when the load 
is carried by only one pair of teeth along the whole path of con- 
tact, was carried out by inserting a steel shim of 0.003-in. thick- 
ness between the working faces of the mating teeth. The strain 
gage was then calibrated under different static loads at different 
points on the path of contact. 
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Fig. 2 Strain-gage arrangement 


SLIP RINGS 


TO THE CIRCUIT 


Measurement of the Resultant Errors Between the Gears 


The static relative displacements between the gears at different 
meshes were measured by the sine bar method. By this method it 
is possible to measure the irregularity in motion between the 
gears over very small angular displacements. The apparatus, as 
shown in Fig. 4, is composed of two equal V arms fixed to the 
gears by steel teeth welded at the ends of the arms. Each arm is 
tightened to the gears by means of a tie bolt. Each arm earries 
between its two branches a flexible steel shim with half a steel 
ball soldered to its end. 

Two dial indicators, one at each end, are fixed to the arms and 
could be adjusted vertically so that their styluses are centered on 
the balls. The two balls rest on two equal columns of slip gages 
set on a perfectly flat surface. The flexible strips were adjusted 
by a vernier so that the distances between the center of the ball and 
that of the gear are equal on both sides. 

The two gears were set at ‘the starting point of contact of the 
test tooth. The dial indicators were then set to read the same 
reading over the two piles of the slip gages. Equal slip gages were 
then taken off or added to the two piles and the gears were ro- 
tated until each ball touched the surface of its column. The dif- 
ference between the readings of the dial indicators gives the 
difference in circumferential displacements measured at the ends 
of the measuring arms. By simple geometry the difference be 
tween the angular displacements of the gears can be determined. 

Fifty readings were taken for each set of mesh between the gears. 
These readings cover the path of contact of the pair of teeth under 
test together with half the path of each of the neighboring pairs 
of teeth. 


Experimental Results 


The recorded traces represent the deflections of the strain-gage 
point under the applied load at different points on the tooth pro- 
file. They provide a clear picture of the tooth behavior as the 
result. of the load conditions and the elastic properties of the 
material. -They also show the effect of speed, irregularity in mo- 
tion, and the applied load on the maximum momentary load on 
the tooth. 

In the trace shown in Fig. 5 point & is the start of tooth contact 
and point ¢ is its end. The rise in the trace before point k shows 
the strain on the tooth before it comes into contact. This strain 
is transmitted to the tooth from the preceding strained tooth 
through the body of the gear. 

The steep rise kl shows the sudden sharing of load between the 
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(a) 
Fig. 5 
tooth and its preceding one. The bump shown on the trace at 
point m is caused by the tip of the tooth B coming in action in its 
trochoidal path and interfering with the flank of the tooth at 
point m, Fig. 5(a). 
At point n, Fig. 5(b), the teeth C and D leave contact causing 
a slight increase of load between teeth A and B. This is shown 
on the trace by a rise at point n followed by a drop at the start of 
zone of single contact. 
The single zone contact starts after point n and ends at qg when 
the teeth I. and F, Fig. 5(e), come into contact. 
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errors in gear teeth 


Fig. 6 Oscilloscope traces recorded for different teeth under transmitted 
load of 1570 tb/in. and at low speed of 10 rpm 


The drop of load at point q is due to the interference between 
teeth FE and F at point q, Fig. 5(e). 
the same time the load on tooth F. The bump at the point r is 
also due to the interference between the tip of the tooth A and 
tooth B on its way out, Fig. 5(f). 
noticeable at the end of contact ¢. 


This interference increases at 


A slight negative deflection is 
This happens as the result of 
the sudden drop of load and the instantaneous return of the tooth 
root after it has been lifted up by the applied load. 


After point ¢ and as soon as the tooth returns to its normal 
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position it comes back quickly under the influence of the strain 
in the body of the gear transmitted to the tooth from the following 
loaded tooth. This is shown by the stepped rise in the trace after 
point 


Effect of the Combined Inaccuracy 


Fig. 6 shows four traces recorded for the deflection of the tooth 
under test when it was in four different meshes with the driving 
gear. The load applied in each case was 1570 Ib/in. of face 
width and the traces were recorded at speed of 10 rpm. The 
traces have the same characteristics which were explained before. 
A slight change in the shape of the bumps may be noticed and 
this may be due to the amount and nature of the interference be- 
tween the tips of the teeth and their mating points on the profile. 
This interference depends also on how the tips of the teeth were 
wort off after a few rotations of the newly cut gears. 

The changes in the load distribution between the same tooth 
and its mating teeth in different meshes are also noticeable by 
comparing the rises in the traces at the start and end of contact. 
This difference in the load distribution between any two pairs of 


teeth sharing the load depends upon the combined stiffness of 
each pair and upon the combined spacing inaccuracy. 


Effect of the Transmitted Load 


Fig. 7 shows four sets of oscilloscope traces recorded at very low 
speeds for the tooth under test in four different meshes. In each 
set, traces for three different tooth loads are shown. By com- 
paring these traces, the effect of the transmitted tooth load on the 
tooth deflection may be studied. 

Under very light loads the driven gear does not perfectly follow 
the driver but it is sometimes free, to a certain extent, to move 
ahead as far as the backlash between the gears permits. Any 
positive errors in spacing or interference at the first point of con- 
tact may speed up the driven gear and slow down the driver 
which may cause separation between the teeth and back-to-back 
contact if the backlash is not sufficient. This is shown by the 
traces recorded at light loads, Fig. 7, where the different zones 
of load distribution are not well defined as in the case of heavily 
loaded gears. This is because at light loads the loads are not 
‘heavy enough to oppose the effect of the errors. 


Fig. 7 Oscilloscope traces showing the change of the deflection curves of the tooth with the change 
of the static transmitted load 
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The deflection of the tooth and its increase with the increase of 
the applied load also changes the conditions of loading between 
the teeth sharing the load. This may cause excess interference, 
premature contact, or changes in the clearances and the gaps that 
may exist as a result of profile errors or base pitch errors. In the 
case of tooth No. 4, Fig. 7, the tooth load dropped to zero as a 
result of a gap between the teeth. With the increase of the applied 
load the gap gradually decreases by the tooth deflection and the 
teeth start sharing the load as shown on the traces recorded at 
heavier loads. 


Dynamic Measurements 


The dynamic effect of pitch errors on tooth loading was studied 
by comparing the traces recorded at different speeds with those 
recorded at very low speeds. The amount of dynamic increase at 
different points on the path of contact together with the magni- 
tude and position of the maximum tooth load were also deter- 
mined, 

Fig. 8 shows the traces recorded for tooth deflections under no 
load at different speeds. These traces show the presence of 
double peak loading for every tooth contact. At the speed of 


Fig.8 Oscilloscope traces showing the dynamic effect at different speeds 
and no transmitted load 
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2100 rpm there is no time for the double peak to take place and 
the pattern has started to change. 

The double-peak loading is due mainly to the introduction of 
the errors at the start of contact and the free motion of the un- 
loaded teeth. 

The dynamic effect on the teeth when they are loaded is dif- 
ferent. The separation of the teeth due to impact is resisted by 
the transmitted load. Fig. 9 shows the oscilloscope traces re- 
corded at different speeds and under static transmitted load of 852 
Ib/in. width. Up to aspeed of 2100 rpm there was no noticeable 
change in the stress pattern for the tooth for the same mesh. 

Fig. 10 shows the graphical representation of the change of the 
normal force on the tooth with the change of speed and trans- 
mitted load for different teeth in mesh with the measuring tooth. 

Fig. 11 shows the dynamic and static tooth-load diagrams, 
derived from the recorded traces and the calibration curves, for 
certain mesh between the gears. 

Fig. 12 shows the static relative displacement diagram for dif- 
ferent angular positions. Fig. 13 shows the maximum dynamic 
increments and their changes with the speed of the gears and the 


statie transmitted loads. The two dotted lines shown in Fig. 13 


Fig.9 Oscilloscope traces showing the changes of tooth deflection curve 
at different speeds and at constant static tr itted load of 852 Ib/in. of 
face width 
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Fig. 10 Normal force on the tooth as it passes the single zone contact 
for four different gear meshes and different speeds and transmitted load 


give the values of the dynamic increment loads as calculated by 
the formulas derived by Buckingham [1] and Tuplin [2]. Fig. 14 
shows the maximum load on the tooth plotted against the trans- 
mitted loads for different speeds. 


Discussion of Results 


The dynamic records obtained from testing 10 different teeth 
showed that the position of the maximum dynamic loads on the 
tooth does not occur at any fixed phase of engagement. It 
could also be seen that the dynamic effect on the tooth is not so 
simple as that which might be expected to result from the simple 
engagement of smooth teeth with a simple pitch error. The 
traces showed that the tooth-load diagram is not a smooth one, 
but consists of bumps, sudden rises, and drops, and the pattern is 
not the same for all the teeth in the same gear. It was also ob- 
served that there is dynamic increment loading at the moments 
when the motion of the test tooth is interrupted by other teeth 
sharing the load with it, coming in mesh or leaving contact. To 
reach a precise evaluation of the maximum tooth load and its 
location, the motion of the gear tooth and its vibrations should 
be studied as a continuous motion interrupted by the initial inter- 
ference between the teeth at the start of contact causing forced 
vibratory motion followed by a free motion. This free motion is 
interrupted by the irregularity in motion caused by the machining 
errors and the deflection of the tooth under the applied load. 
The motion then faces further interruption caused by the other 
teeth leaving contact. The motion then becomes more compli- 
cated when the teeth start to take over all the load as a result of 
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Dynamic and static tooth load diagrams 


which a complex vibratory motion takes place during the zone of 
single contact. The amount and position of the dynamic load 
depends upon the maximum amplitude of this motion. 

In this investigation the results of tests carried out under 
normal operating loads show that Buckingham’s equations give 
very high values of dynamic increments. Tuplin’s equations, al- 
though they do not take the effect of the static transmitted load 
into consideration, give nearer values to the experimentally 
measured ones. 


Conclusions 


Electric resistance strain gages can be used as extensometers to 
measure the elongations over very short gage lengths. By this 
it means it is possible to study the deflections of the gear tooth 
under load and accordingly to investigate the static and dynamic 
loading on the tooth. 

The strain in the body of the gear causes the tooth to deform 
before it comes in mesh. This deformation together with the 
existing base pitch errors between the teeth cause impacts, sud- 
den rises, and drops in the load curves of the tooth with the result 
of the occurrence of dynamic increments of load when the gears 
run at speed. 

For the case of the test gears, of contact ratio of 1.55, the 
maximum dynamic load occurs during the zone of single contact, 
but it does not oceur at any fixed position of engagement. 

Results also show that the load on any particular tooth at any 
particular speed varies as the transmitted load varies. 


Further Investigations 


Many more tests should be carried out in a high-speed gear 
testing machine to study the effect of the dynamic loading at very 
high speeds and heavier transmitted loads of gears of different 
numbers of teeth, pitches, and contact ratios. Some more points 
that come to mind include the following: 

1 Effect of different lubricants on dynamic loading on gears. 

2 Effect of surface finish and tooth-profile modification on dy- 
namic loading. 
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Fig. 12 Static relative displacements at different angular positions 
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Fig. 13 Maximum dynamic increments at different speeds and static 
loads 


3. Effect of torsional vibrations and dynamic unbalance on 
dynamic loading. 

4 Iiffeet of eyelic variation of the externally applied load on the 
dynamic loading. 
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DISCUSSION 
W. Coleman? 


The writer is quite favorably impressed by the author’s work. 
Heshould continue on this project to learn more about the effects 
of other variables as outlined in his concluding section. We 
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should especially like to see work done with the effeets of tip 
modification 


One of the problems with this sort of test is the determination 
The tooth 
may start out with a conjugate tooth shape under no load, but 


of the magnitude of the errors under a given load. 


Will assume a nonconjugate tooth shape under load. Conversely, 


the tooth may start out with a nonconjugate shape under no 


load, but may assume a conjugate tooth shape under one specific 
load. 
loud? 


a specific loud deserve more study. 


Does the author have a means of checking conjugacy under 


Correlation between errors at no load and errors under 


The author states that he measured the gear-tooth errors. 


' ~ Gould he indicate the magnitude of the errors on the specifie 
teeth on which tests were performed? 


These data would be help- 
fulin making comparisons with other methods for calculating the 
dynamic loads 


The author deserves thanks in his efforts to further the under- 


standing of gear-tooth behavior under load. 


T. P. Goodman® 


This pioneering experimental investigation is a welcome contri- 


bution toward the increased understanding of the nature of dy- 


namic loading in gear teeth. Readers of the paper will also be 
interested in the parallel investigations of Niemann and Rettig*® 


in Germany, and of Richardson® in the United States. 


E. J. Wellauer’ 


The subject pauper is an extremely valuable contribution to 


3 Assistant Professor of Mechanical Engineering, Massachusetts 
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schrift, vol. 99, 1957, pp. 89, 181. 
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the complex problem of gear-tooth capacity and rather particu- 
larly as regards the measurement of dynamic loads. This subject 
has been in a confused situation mainly because the contributions 
of previous researchers had been made prior to the advent of 
modern measuring instruments of high accuracy. The paper 
indieates that much further work ean be done on this subject 
and the writer is quite certain this start will encourage other 
research along this line. 

Perhaps the most valuable evidence ~ontributed by the paper is 
that the dynamic-load increment as suy,ested by Buckingham and 
Tuplin cannot be generalized. Modern gear-rating methods 
have recognized this factor and attempt to evaluate dvnamic 
loading by more accurate means. The use of the transmitted 
load as a parameter in studying the dynamic increment is in- 
teresting, particularly since Fig. 14 of the paper shows that, for 
certain speeds and mesh conditions, the percentage of the dynamic 
increment reduces as the load increases. This has always been 
an aecepted phenomenon and late research in the author’s 
laboratory bas tended to indicate that the flexibility of the gear 
teeth is very much involved with the quantitative aspect of this 
phenomenon. 

The writer would be interested in knowing whether or not the 
author studied the comparison between the statie relative dis- 
placements under various torque loadings. In addition, the 
physical dimensions and stiffness of shafts and supports, and 
errors in mounting would enable the data to be quantitatively 
analyzed more completely. 

The author is to be congratulated on his fine work and it is 
hoped that he will contribute further information on this sub- 
ject. 


4 ’ 
Author’s Closure 

The author wishes to thank the discussers for their valuable 
comments. Mr. Coleman points out very correctly to the effect 
of the change of conjugacy under load on the maximum dynamic 
tooth load. The author believes that, for Ni-Cr, case-hardened 
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steel gears as the test gears, and under static transmitted loads 
as those at which the present results were obtained, such effect 
would be little compared to the effeet of the combined resultant 
errors between the gears as they roll. ; 

It is not only the magnitude of errors between two gears in 
mesh that counts in calculating the dynamic loading or in com- 
paring between any two pairs of gears. There are many other 
factors such as the time of insertion of error at the moment when 
the maximum dynamic loading occurs, the shape and nature of 
the error itself, the shape of the cyclic change of error along the 
path of tooth contact, and many other factors. All or some of these 
factors change in nature and magnitude under load and at speed 


| | 
Positive t_INDICATES 
EXCESS GF METAL ON/AT LEAST OW 
OF THE TRETH AT THE OF CONTA 


o} STATIC Rewabive DPLACE 


which makes the analysis of the problem very complicated if 
treated as a pure vibration problem. 

Fig. 12 which shows the change of error of one tooth was given 
as a sample of results of tests carried out by the author’ on the 
teeth of the test gears. For the sake of interest and comparison, 
Figs. 15, 16, and 17 together with Fig. 12 form the static relative 
displacement curves at different angular positions for the four 
specified teeth whose test results were given in Fig. 10, respee- 
tively. 


) 


Attia, 
Department of 
England, 1956. 


“Dynamic Loads of Spur Gear Teeth,’”’ PhD thesis. 
Applied Mechanics, The University of Sheffield, 
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Associate Professor of 


Analytical Design of an Ackermann 
Steering Linkage 


= University of British Columbia, A method is outlined whereby the dimensions of an Ackermann steering linkage may 
Vancouver, British Columbia, be determined analytically. The theoretical relation between the angles of rotation of 
4 Canada. Mem. ASME the front wheels of a vehicle is derived and it 1s shown how this relation may be approxt- 
mated by a symmetrical four-bar linkage. 

The method ts briefly as follows: 

A The basic relation between the angles of the four-bar linkage is derived and the theoreti- 
v cally correct relation between the angles ts used to express the four-bar linkage equation 
ae as a function of one variable. If this derived equation can be made equal to zero for a 
| suitable range of wheel-turning angle by proper adjustment of the coefficients, then the 
magnitudes of the coefficients will determine the physical dimensions of the linkage. 

A direction solution as indicated does not seem possible so an approximate solution 
is developed by expressing the derived equation as a power series and adjusting the co- 
efficients of this sertes so that the sum of the lower order terms deviates the least from zero. 

Nomenclature 4 = d + 
6, = angles of rotation of the steering wheels 
‘ ty — — a) i 
a initial angle between levers of steering mechanism and (2) 
fe fixed link, when wheels are in straight-ahead position iting ~ttens 
Ber | w = wheel-base of vehicle 
d = distance between pivot centers of steering wheels (length = d — ae~*O-@) 
of fixed link ) Itipl 
a = length of crank 
b = length of coupler . 
angle between coupler and fixed link 
d 
y = ratio of pivot centers to wheel-base A 
w 
B = = ratio of lever length to pivot center distance 
cot 
cot 
‘ l ~ = tan 6 | 
defined by relation = —1 
‘4 As is well known, the independently pivoted front wheels of a 
vehicle should satisfy the relation ed 
d 
cot @ — cot = = ¥ (1) e 
where the variables are as indicated in Fig. 1. 
Although a mechanism can be designed for actuating the | F 
steering wheels which will reproduce this relation exactly, it has 
not found favor and is usually replaced by a. four-bar linkage 
which reproduces the desired motion approximately. The 
; se i show y such a four-bar linkage can be : 
author's purpose is to show how such a four-bar linkage can be fig. 1 tor 
designed analytically. 
Consider the linkage sketched in Fig. 2.) If the linkage is eon- 
4 sidered in its symmetrical position, then deviations from this 
i position can be expressed in terms of the angles @ and 6, as fol- 
lows: 
Contributed by the Machine Design Division and presented at 
the Semi-Annual Meeting, Detroit, Mich., June 15 19, 1958, of THr 
AMERICAN Society OF MicHANICAL ENGINEERS. 
Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of ree ak oe 
‘ the Society. Manuscript received at ASMIE Headquarters, Decem- d 
é ber 17, 1957. Paper No. 58 SA-31 Fig. 2 Relation for symmetrical four-bar linkage 
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2 = d? + 2a? — 2ad cos (@ — a) — 2ad cos (h + a) 
+ 2a? cos (06 — @ — 2a) (3) 


A further relation may be obtained from (3) by observing that 
in the initial position @ and 6 are each zero or 


b? = d? — 4ad cos a + 2a%1 + cos 2a) (4) 
Now subtracting (4) from (3) gives 
2a? cos 2a — 4dad cos @ 
= 2a? cos (0 — » — 2a) 
— 2ad[cos (@ — a) + cos(8+d)] (5) 
Iquation (5) is easily rewritten as 
a’ 2a 
cos — cos @ 
= — cos (9 — @ — 2a) — - [cos - 
a Os ( a d cos Qa) 
+ cos(0+ a)] (6) 
For simplicity introduce the symbol 8 = a/d and R = £6? 
(cos 2a — 28 cos a) 
R = cos (6 — @ — 2a) — Blcos(@ — a) + cos(6+a)] (7) 
Now if one calls cot @ = X 
and cot #6 = Y 
Then equation (1) may be written 
d 
Y-Ys= =¥ (8) 
w 
and equation (7) as 
R = XxX} 
Uda + X90 + ¥2)]'2 
} 4 
cos 2a + sin 
+ N21 + \ 


cos @ 
(1 + 
(14+ ¥2 (1+ yaya sin (9) 


Now equation (8) is the relation desired between Y and ¥ for 
the proper steering of the vehicle and one wishes to approximate 
this relation by equation (9). 
would be to substitute Y = Y 
resulting expression be satisfied for all values of Y. 
the last requirement cannot be met, therefore one seeks to ad- 
just the coefficients of the derived equation so that it deviates 
least from zero, That is 


One method of accomplishing this 
+ y in (9) and to require that the 
However, 


+ y¥y) 
3 cos 2a@ 


+ (¥ 


f(Y)=R 
+ y)?)] 


sin 2@7 


) 


Y+y¥ 
a 


r ) sin at (10) 


should exhibit the smallest deviation in absolute value from zero 
over the desired range of the variable Y. To accomplish this, 
one has at his disposal the parameters @ and B. 

Equation (10) in its present form seems to resist a direct attack, 
but it can be transformed into an infinite series by the substitution 
of t = 1/Y and expanding in terms of ¢ with the obvious restric- 
tion on the magnitude of ¢.! 

A laborious but straightforward calculation gives the trans- 
formed equation as 


f(t) = (7B? sin 2a + B cos a — By sin a) 


+ t3( —y282 sin 2a — By cos a + By? sin a) 


232 
+ (- cos 2a + B*y(y? — 1)sin 2a 


15 
cos 2a + B*y(2y — sin 2a 


3 
£6 E cos a — B(3y? — y*) in a) (11) 


At this point some remarks on equation (11) seem pertinent. 
First there is a complete absence of terms not involving ¢t, and 
second the coefficients of ¢? and ¢8 are, with the exception of alge- 
braic sign and a multiplying factor y, the same. Hence by 
suitable selection of the parameters @ and 6 one can make the 
coefficients of t? and ( zero simultaneously so that the variation 
of f(t) from zero can be made to depend upon the fourth and 
higher powers of ¢. If a new phrase may be introduced one may 
say that the four-bar linkage is a well-conditioned linkage for this 
application. Further, the two parameters @ and § are involved 
so that the designer may vary their values and obtain a linkage of 
suitable physical dimensions. 

Table 1 shows the results of a calculation based on making the 
coefficients of and zero for one set of parameters. = 
65 deg and 8 is computed as 0.0797, y was arbitrarily taken as 
0.5. The first column gives an arbitrary displacement 0, the 
second the theoretically correct corresponding angle @, and the 
third the angle actually generated by the four-bar linkage. For 
the value of y (0.5) selected, the series is valid for values of t up to 
approximately tan 30 deg. One notes that the linkage after 30 deg 
for @ begins to deviate more and more from the theoretically cor- 
rect value. 

The question naturally arises as to whether or not the accuracy 
of the mechanism can be improved by operations involving the 
coefficient of 
(? can all be made zero by suitable selection of the parameters. 
However, this procedure deprives the designer of all freedom in the 
selection of the dimensions of the linkage. For this reason another 


One could argue that the coefficients of (, (, and 


approach seems desirable. 
The first three terms of the series may be written as 


“+ — Pe = f(t) (12) 


+ yPt — P| = 


where 


1 One expands expressions of the form [1 + (2yt + (1 + y)*®| ‘/2 


whence 2yt + (1 + y)%? < land ¢ is of course tan 4 


FEBRUARY 1959. II 


2 3 
_ 1 B21 +3 
8 | 
(1 + | 
(13 if 
( 
Journal of Engineering for Industry Pe ae 


sina — cos@ — yf sin 2a 


3 3 é 
VB 1) sin 2a — cos 2a — y? } cos + }sina 


One now has a choice of forcing fi(t) or fo(t) to deviate least in 
absolute value from zero for 0 < ¢ < tan 30 deg. 

The writer does not perceive any method of selecting the better 
expression from fi(t) and f,(t), and indeed, he first attempted to 
improve the accuracy of the linkage by forcing fi(t) to deviate 
least from zero. However, the results were disappointing be- 
cause the accuracy was actually reduced. When f2(t) was 
selected, the accuracy of the linkage was improved. Hence in 
what follows, fo(t) will be used. 

Here and hereafter the parameter y is assumed to have the 
value 0.5 teferring to Fig. 3(a), one attempts to force fo(t) to 
lie between values of + LforOQ < t S t.2 The magnitude of P 
is easily found as follows: 

Considering Fig. 3, att = 0, the expression t? + = t — P as- 


- 


sumes the value —Z, that is 


and at 


one has 
+ ti —P L (16) 


adding (15) to (16) and solving for P gives 


21,2 
(17) 


2 The possibility indicated in Fig. 3(/) cannot be considered here 
because with y fixed in advance the unknowns L, P, and to must satisfy 
four independent equations simultaneously. 


Table 1 The comparison between the theoreticaily correct angle, Phi- 
True, and the actual angle generated by the linkage, Phi-Link 


ae 65¢ .0T97 % 2 0.5 P20 


Theta® Phi-True Phi-Linkage 
0 0.000 0.000 
1 0.992 0.991 
2 1.966 1.966 
3 2.924 2.923 
4 3.866 3.865 
4.792 2790 
6 52703 5700 
7 6.600 6.594 
8 7.482 7.472 
3 8.351 8.336 
10 9.206 9.185 
u 10.048 10,018 
12 10.878 10.837 

3 11.696 11.641 
14 2502 12,431 
a5 13.297 13.206 
16 14,081 13.966 
17 14,855 14,712 
18 15.619 15.443 
19 16.373 16.160 
20 17.118 16,862 
21 17.854 17.549 
22 18.582 18.221 
2 19.301 18.879 
24 20.013 19.522 
25 20.717 20.149 
26 21.414 20.762 
2 22.104 21.359 
2 22.788 21.941 
2 234466 
30 24.137 232959 
24.803 230595 
32 254464 24.114 
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(14) 
3a 
f(t) 
t, 
+L 
f(t) 3b 
t, 
+h 
t 


Table 3 Comparison between the angles generated by the unmodified 


and 


a 


Table 2 The comparison between § for the 


Fig. 3 Sketch showing possible variation in f°(t) 


dified and 


P = 219478 


65 
66 
67 
69 
10 
71 
T2 


Mal 


207972 
«13466 
-19330 
-25621 
«52408 
247818 
256661 


(U link 


214276 
209433 
004319 
201107 
206896 
213107 
«19810 
«27086 


Theta 


Phi-True 


Phi-Linkage 
Unmodified 


Error 


Phi-Linkage 
Modified 


g P = 0, a = 66 deg, 
B = 0.13466. Modified linkage: P = 0.19478, a = 70 deg, 8 = 0.1310.) 


Error 


0.000 
0.991 
1.966 
26924 
3.865 
4.791 
5702 
6.599 
72481 
8.349 
90204 
10.046 
10.876 
11.694 
12.500 
13.295 
14.C79 
14,853 
15.616 
16.370 
17.115 
17.851 
18.579 
19.298 
20.010 
20.714 
21.411 
22.101 
22.784 
23.462 
24.133 
24.799 
25-460 
26.116 
26.765 


0.000 
0.991 
1.996 
26923 
3.865 
4.790 
5.700 
6.594 
7.472 
8.336 
9.184 
10.018 
10.836 
11.640 
12.429 
13.203 
13.962 
14.707 
15.436 
16.151 
16.851 
17.536 
18.206 
18.861 
19.500 
20.124 
20.732 
21.325 
21.902 
22.463 
23.008 
23.537 
24.049 
24.544 
25.023 


2000 
2000 
2000 
-.001 
2000 
-.001 
-.020 


2040 


-.071 
-2092 
-.146 
-.180 
-.219 
264 
2373 
2590 
-2679 
1.125 
-1.262 
1.411 
-1.572 
1.743 


0.000 
02993 
1.973 
22938 
3.891 
4.831 
50758 
6.671 
10573 
8.461 
9.338 
10.201 
11.053 
11.891 
12.718 
13.532 
14.333 
154122 
15.898 
16.661 
17.412 
18.149 
18.874 
19.585 
20.283 
20.968 
21.639 
22.296 
22.939 
23.569 
24.183 
240783 
24.916 
24.131 
232375 


2000 
2002 
2007 
2014 
2026 
2040 
056 
2072 
2092 
e112 
+134 
2155 
2177 
2197 
2218 
0237 
0254 
2269 
2282 
2291 
2297 
2298 
0295 
0287 
e273 
0254 
2228 
0195 
0155 
2107 
2050 
-.016 
“1.985 
-3.409 
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P L (15) 
t 
| solutions 
2 
> 
< 
4 
ae 5 1 
7 
8 
9 
10 
2 | 
z 13 
14 
15 
16 
LT 
18 
19 
7 20 
2l 
22 
23 
24 
25 
26 
28 
29 
30 
31 
32 
33 
: 34 
} 


Inserting y = 0.5 into equation (14) and solving for 6 in terms 
of a and P gives 


on (4 — 5P) sina — (8 — 3P) cos a (18) 


(4 — 3P)sn 2a — P cos 2a 


Equation (18) can now be solved for a range of values of a and 
the most suitable values of a and 8 selected for a particular ap- 
plication. If in equation (18) P is given the value zero, then (18) 
expresses the relation between @ and @ for the first approximation. 

Table 2 shows the results of computations using equation (18) 
and gives values of 8 for P = 0 and P = 0.19478. Table 3 
shows the results for the linkages with P = 0, a = 66, 8 = 0.13466; 
and P = 0.19478, a = 70, 8 = 0.13107. 
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DISCUSSION 
T. P. Goodman’ 


By ingenious use of the properties of the four-bar linkage, the 
author has reduced the problem of designing a steering linkage 
to the classical problem of computing the dimensions of a four- 
bar linkage which approximately fulfills a desired relationship 
between the input angle and the output angle. The usefulness 
of the paper would be enhanced if the author would indicate how 
his method of solving this classi al problem compares with other 
published methods, and how g erally applicable his method is. 

As a possible extension of the author’s investigation, alternative 
steering linkages could be evaluated in terms of the total tire wear 
caused by their respective errors. Such an evaluation would in- 
volve measurements or estimates of the probability distribution of 
turning angles encountered during ordinary use of the vehicle, as 
well as measurements or estimates of the amount of tire wear 
caused by any given amount of error. 


Author’s Closure 


The author wishes to thank Professor Goodman for his discus- 
sion, wherein he mentions the problem of tire wear as affected by 
the geometry of the steering linkage. The author agrees that this 
is an important problem but confesses that it is beyond his ex- 
perience to relate turning angles to tire wear. 

It was the author’s purpose in writing the paper to stimulate in- 
terest in the attack on the design of linkages by analytical 
methods and in particular to indicate how the methods of 
Tscheybscheff can be applied. 

In reply to Professor Goodman’s comment on the applicability 
of the method the following simple example is offered. 

Fig. 4 represents an inversion of the slider-crank chain with the 
length of the crank equal to the length of the fixed member. It is 
desired to determine the length 6 of the sliding member so that 
the point P traces an approximate straight line (x = x») for a range 
of —A < 4 < OH. Because of symmetry one may deal with the 
range 0 <0 < A. 


One sees immediately that: 
z = 2a cos (19) 


3 Assistant Professor of Mechanical Engineering, Massachusetts 
Institute of Technology, Cambridge, Mass. Assoc. Mem. ASME. 
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t= (—2z? + bz + 2a?) 


2a 
upon eliminating cos @ from equations (19) and (20). 


1 
Now one wishes x — 2» = ; (—2?2 + bz + 2a? — 2axy) = f(z) 
Za 


to deviate as little as possible from zero. Let the deviation be 
+L. For this example assume 6) = 60 deg. Then if z, is the 
value of z at 8 = 0, and 2, the value of z at 8 = 60 deg, one finds: 


21 = 2a 


Fig. 5 indicates the desired form of f(z). That is, at 2) and 2. 
f(z) = —L and at some as yet undetermined value of 2, (s) = 


+L. Hence at points 2, and z; one has: 

+ 2ary — 2a? — 2al = 0 
and this equation must be of the form, 
— a\(z 


whence 


— 2a? — 2aL 
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\ A 
f 
Fig. 4 
r-a (20 
cos = 2()) 
(21) 
(22) 
= avV3 (23) 
fiz) 
- - oL 
Fig. 5 
(24) 
(25) 
+2 = ( 26) 
A similar argument for the point 22 gives, Ee 
(28) 
2 


14 
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From equations (4), (5), (8), (9), (10), and (11) one finds the 
following equalities for: 


= a(2 + V3) = 3.7321la (30) 


(2 +- /3)? - 
s) = 2.7366a (31) 


+ V3) 


— 21/3) = 0.00454 (32) 
4 ) 


Fig. 6 shows the mechanism drawn fora = Lin. OP is the half 
length of the desired straight line. The deviations from the 
straight line within the range are of the order of 0.005 in. 

In conclusion the author feels that the success of this méthod 
depends upon the selection of a suitable parameter such as z, but 
that once this parameter is found it is a routine but perhaps tedi- 
ous matter to determine the dimensions of a linkage. 
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Structural Error Analysis 
Kinematic Synthesis 


in Plane 


Methods are developed for estimating and obtaining minimum structural error in the 


approximate synthesis of plane, function, or path-generating mechanisms. 


The 


application to a four-bar function generation mechanism ts worked out with the aid of a 
large-scale digital computer used in the manner of a servo loop. 


Introduction 


I. RECENT TIMES a number of techniques for syn- 
thesizing mechanisms have been discussed in the literature. A 
basic requirement in applying these techniques is the attainment 
of motions which are sufficiently close approximations to the 
desired ones. As long as the number of adjustable mechanism 
proportions are finite, however, a difference will in general exist 
between the desired and generated motions and is called the 
structural error. This error exists in addition to those arising 
from manufacturing variations and elastic effects which are not 
considered here, but it can be minimized. 

The development of design methods for advanced forms of 
mechanisms is beginning to lead to their greater utilization in the 
general machinery, instrumentation, and automation fields. The 
computations involved are lengthy, however, and require the use 
of large-scale computers to reduce them to a practical level. One 
such computer has been used for the automatic generation of 
“Five-Point Approximations” in this investigation. Previous 
work on error minimization [1]! has dealt with the more simple 
forms of mechanism for which closed-form analytical solutions 
exist. The mathematics useful for the purpose belongs to that 
branch which is called the Theory of Approximation [2]. 


Nomenclature 


Notation is similar to that used in [3] and is briefly repeated 
here: y = f(x) is the ideal function, the function to be generated 
within the range z, < x2 < z,, by means of two analogous quanti- 
ties, @ and y, called input and output terminals, respectively. In 
Fig. 1, for instance, these are represented as shaft rotations of a 
four-bar mechanism ABCD, in which @ = ZXAB radians and 
YW = ZADC inradians. y, = f(z,), yy = f(z,) and the numbers 
Ys, Ly, Yr Correspond to the angles ¢,, respectively, 
according to the equation: 


@ = + — 2,) (1) 
+ — (2) 
A 
rg = input scale factor = = 


where 


Ad = ¢, — $,; Ax = 2, 2, 
Ay 


ry = output seale factor = 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Machine Design Division and presented at 
the Semi-Annual Meeting, Detroit, Mich., June 15-19, 1958, of THe 
AMERICAN SOciETY OF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
December 13, 1957. Paper No. 58-—SA-12. 
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where 


Ay = Wmax = Win} Ay = Ymax — Ymin 


x; = precision point, point at which generated function coincides 
with ideal function. In an n-point approximation there are n 
such points (2,, y;) where y; = f(z;). nis called the order number. 
The corresponding terminal values are (@,, Y;). 


g(x) = generated function 


The General Questions of Approximate Synthesis 


What is the minimum value of the structural error (fr 
g()|max and how can it be attained? 


Basic Theory 


The following remarks, referring to function generation, can be 
applied with slight modification to path generation. From the 
theory of approximation first developed by Chebichev [4, 5] it 
can be shown that—-expressed in nonrigorous terms—the ideal 
function deviates least from the generated function in an approxi- 
mation in which the number of independently adjustable mecha- 
nism proportions is equal to the number n of precision points. 
Furthermore, the same numerical value of the maximum error 
must be attained with successive alteration in sign at least (n + 1) 
times within the range of mechanization. If these conditions are 
satisfied, the maximum value of the structural error is minimized. 


Error Between Precision Points. General 


This error depends upon the function, the range, the mecha- 
nism, and the range of motion of the mechanism. Let the ideal 
function, f(r), and the generated function, g(r), be assumed con- 
tinuous in the first n derivatives, where n is the order number, 


within the range (.,, 2,). Consider the expression 


R = f(z) — g(x) — L(x — — — 2s)... (2 


z,) (3) 
where L is a constant so chosen that R vanishes at (mn + 1) points 
within the interval (2,, r,;). Using Rolle’s Theorem [6], the nth 
derivative of R with respect to r must vanish at some point, 
x = &, within the interval (z,, z,): 

L = f™(&) — g™(&) (4) 
whence the error €(z) = f(r) — g(x) is given by 


e(z) = — (2 — — m2)... (2 — (5) 
n! 

where & is not in general equal to the value of . at which the 
error is sought, but is determined by Equation (4) and is there- 
fore a function of 2. According to Equations (1) and (2) the error 
eo) = W — Wy (where y is the ideal funetion and WY, the gen- 


erated function) is given by: 


= d,,) 
dy t 
yr vig (tb 
dg" 
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j 
= 
af, 
= 


It is usually not possible to establish an upper limit to the struc- 
tural error, because of the difficulty of estimating upper bounds 
for the higher derivatives in Equation (6), 


Chebichey Spacing 


The Chebichey polynomial 7,(@) [7] (first chapter) is defined 
by the Equation 7',(@) + Paid"! + +. + 
mo + p,, Where the coefficients p; are chosen so that in a given 
interval (@,, @,) the maximum value of 7,,(@) deviates least from 
zero when compared to other polynomials of the same degree 
with leading coefficient unity. 

These polynomials are well known. The maximum value of 
is given by 
cision points @,, such that 


The spacing of the pre- 


n 
— 
i=1 

represents the Chebichev polynomial 7',(@) within the interval 
p,), will be called “Chebichev spacing.” The error function 
for this spacing is given by Equation (1-2) of Table 1. The pre- 
cision points @, in an n-point Chebichev spacing are obtained [6] 
us the projections on the @-axis of (2n) equidistant points on the 
circumference of a circle, center @ = @, + 1/2Aq@, radius '/,Aq, 
and symmetrically disposed with respect to the @-axis. Analyti- 
cally, this leads to Equations (1-3) and (1-4) of Table 1. An intui- 
tive way of considering this spacing is to note its relationship to 
trigonometric interpolation [6], and also to picture it as a spacing 
which constrains the function more closely at the ends than at the 
middle, since the behavior outside the interval (@,, @,) is not 
specified 


Small Ranges 


Despite the absence of information concerning the nature of 
the mechanism or of the ideal function, certain generalizations 
concerning optimization ean be made. In Equation (1-2), for in- 
stance, it can be seen that when the range of 2 and @ is suf- 
ficiently small so that the derivatives in that equation are es- 
sentially constant, Chebichey spacing is necessarily optimum. 
This is intuitively reasonable by observing that over small ranges 


all functions or curves look alike; i.e., at first observation like a 


straight line and to an nth approximation, like an (n — 1)st de- 
gree polynomial 


Finite Ranges 
If the generated function is a polynomial of the (n — 1L)st de- 


gree, Hquat ion (5) for the error becomes 


n 
= II 
n! 


x; )f"(&) 

i=1 

in which f(°(E) ean no longer be assumed constant, thereby shift- 
ing or distorting the Chebichev spacing in a manner not readily 
predicted. As the number of precision points become infinite, 
however, it can be shown by expanding the ideal function into a 
series of Chebichev polynomials [5], that Chebichev spacing be- 
comes optimum in an asymptotic fashion provided the ideal fune- 
tion is analytic. Since mechanisms do not usually generate poly- 
nomials, this does not apply without modification to linkages. 
As a first trial-spacing, Chebichev spacing is valuable, however, 
even for finite ranges. A more refined estimate is obtained by 
considering not only the ideal function but also the mechanism, 


even though crudely. 


Modified Chebichev Spacing 


Any mechanism synthesizes the function f(x) or the inverse 
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Table 1 Error equations and precision-point spacing in point 
approximations 


FOR CHEBICHEV SPACING 


THE PRECISION POINTS, , ARE GIVEN BY 


- 4 =1,2,3,4,5 . -fi-3) 

= RADIANS, X80, of, = 180° ['-4] 

MODIFIED CHEBICHEV SPACING 

= = FAP (cosa, - cose; ,) ['-5] 

= sin sin 42, ,(n-1) [1-8] 


W EQ. -[ 1-8] AND GENERALLY IT IS ASSUMED THAT 
ESTIMATE OF LEAST MAXIMUM ERAOR , Emin 
i+!) 


i=o 


xy = j j Xo=%s) ARE PRECISION FONTS 


= sin” Sin'%; (ar 2 (Sint . [Flo] 


(AW €'S are e(z)) 


THE RANGE ASSUMED NORMAU2ED To -l axel. FOR 
SPACING, 5- POINT APPROXIMATION 

2005 + E55) + +137 +-358 (€2,+ 


function f~(2) depending upon which terminal is considered the 
input terminal. Optimum spacing of precision points, Y = Y,, of 
the output variable for f(z) should become the optimum spacing 
of the precision points, @ = @,, of the input variable for f~1(z). 
This symmetry consideration, due to Skarksi [8], ought to be in- 
cluded in the choice of optimum spacing. For small intervals, 
however, the spacing ought to reduce to Chebichev spacing. 
Combining these two ideas we obtain the modified spacing given 
by Equations (1-5) to (1-8) of Table 1. This spacing takes some- 
what longer to compute than Chebichev spacing, but is usually 
Closer to optimum. 


Variation of Structural Error With Range 


For small ranges, the maximum structural error in an n-point 
Chebichey spacing is proportional to the nth power of the range 
(x,, cy). For finite ranges this nth power law may be quite in- 
accurate. In general the rate of decrease of the maximum error 
with the range (z,, zy) depends on the derivative properties of 


f(x), and is not readily predicted, although it appears to decrease 


more rapidly (if the range is reduced) if the higher derivatives are 
small. The variation with input range (@,, ,) is also difficult to 
determine, but appears much smaller than the variation with the 
range (x,, 2,). It may be concluded that all generalizations are 
dangerous, especially in this field. 


Variation of Structural Error With Order Number 


The variation with the range Ax is generally large compared 
to the variation with order number. The variation again depends 
on the derivative properties of the ideal function—the smaller 
the nth derivatives, the more rapid the decrease with increasing n. 
If these derivatives have a known upper bound, more specific 
theorems can be adduced [2, 5]. By expansion into a series of 
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Chebichev polynomials it can be shown [5] that for analytic ideal 
functions, very small ranges, and very large order numbers, the 
asymptotic rate of decrease of the structural error for each addi- 
tional precision point is given by 1/2(an42/dn+1), where a, is 
the coefficient of x" in the Taylor series expansion of the ideal 
function f(z). 

For the Chebichev polynomial 7',(@) the ideal function is ¢” 
which changes when n does. In the range (—1, 1), however, as n 
approaches infinity, @" approaches zero, and one might consider 
this special case one in which the maximum error decreases by a 
factor of two for each additional precision point. This rate of de- 
crease is not generally valid, however, as in the example f(z) = 
1/(x — a), a > 1, in the range (—1, 1) considering approxima- 
tions by nth-degree polynomials for which [2] 

[a — — 


This error is reduced by the faetor 1/[a — (a? — 1)'/?] for each 
additional precision point. This factor approaches unity (no gain 
in accuracy) as a approaches unity and is infinite (maximum 
gain in accuracy) as a becomes infinite. In the former case, the 
derivatives of f(x) become very large, in the latter case, very 
small. For monotonic functions the ratio of greatest to least 
values of the nth derivative of f(z) may serve as a qualitative 
guide. 


Estimation of Minimum Structural Error 


Among the useful properties of the Chebichev polynomials 
T(x) in the range (—1, 1) are the following [9]: 


= (1 az?) /? 
I = minimum, 
n 
when y, (2) = 2 qT (x) | 
r=1 
The first integral expresses orthogonality with respect to the 
weight function (1 — 2?)'/?; the second integral states that 


among all nth-degree polynomials which are to approximate 
f(x) a least-square type of minimum error occurs when y,,(.2) con- 
sists of the first n terms of the expansion of f(z) into a series of 
Chebichev polynomials. This suggests the thought that for small 
ranges and high order numbers y,(x) —~ g(x), the generated 
function. If e(x) = f(r) — y,(x), then 


e 
(1 — 


I= 


dx = minimum 


when €max is minimized. 

This fact can be used to estimate the minimum value of the 
error as follows: The error curve is approximated by a series of 
straight lines passing through the precision points and the points 
of extreme error, and the integral J is computed for each interval 
2;; by assuming an average value of the weight function, as in 
Equation (1-10). Then for the interval (z,, 7;), 7 = (¢ + 1), 
the contribution 7;; to J is given by J;; = [e;(xz)]*(2; — 2,) 
(36,;). In the optimum condition all the €;,’s are numerically 
equal, say, to €min. The integral J can be evaluated for the given 
error distribution and for the assumed optimum condition, and the 
two values equated. This is based on the assumption that, with 
respect to approximations not differing too much from the opti- 
mum, J is essentially constant. 

This is similar in philosophy to Rayleigh’s principle for calcu- 
lating natural frequencies of a beam, say, the strain-energy of 
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which is at a minimum for the actual deflection curve, but does 
not vary much with changes in the assumed shape of the deflee- 
tion curve. Hence we ean state that 


whence derives the estimate, Equation (1-9), Table 1. For 
Chebichev spacing in five-point approximations, this Equation 
becomes Equation (1-11) of Table 1. 

For other spacings this equation retains the same general form, 
but the coefficients will be different. The various simplifying as- 
sumptions made in the derivation of Equation (1-11) mean that 
the value of émin obtained therein is not exact. Theory states 
that the minimum error lies between the greatest and least values 
of €;;, but Equation (1-11) is somewhat more specific. 


Error Minimization by Successive Approximation 


1 Five-Point Function Generation With a Four-Bar Mechanism. 
In this special case, chosen to illustrate the general method, 
the ideal function f(x) and the range (2z,, 2,) are given; the linkage 
proportions (a, b, c, d, ,, Y,), Fig. 1, are to be determined. The 
ranges Ag, Ay, can be selected according to the recommenda- 
tions of reference [3]; generally equal ranges, less than 120 degrees 
are reasonable. A convenient program for a digital computer 
utilizes a symmetric manner of solving Equation (2), [3], relating 
angles @ and y in Fig. 1, using complex numbers. The latter 
have been used also, among others, by Blokh [10] and Sieker 
{11, 12]. In this way, Equation (2) [3], is transformed into 
Equation (2-5), Table 2, in which the solution is outlined. The 
computer input consists of four corresponding rotations @,;, 
which are obtained from the five precision points (@,, Yj). Equa- 
tion (2-5) and (2-7) constitute a symmetrical linear system of 
simultaneous equations in the unknowns XY, Y,Z, Y, ¥, Z, defined 
in Table 2. These unknowns are linear functions of k, Equation 
(2-7), where k is a real number obtained from Equation (2-15) 
which possesses at least one real root. The linkage proportions 
are given by Equations (2-20) through (2-23). A number of 
logical decisions involving choice of multivalued functions such as 
are tangent, for instance, are not included. 


FIXED LINK 


a 


Fig. 1 Four-bar mechanism 


and 
(2-7) are solvable if the matrix of the coefficients is of the same 


2 Existence and Nature of Solutions. (2-5) 
rank as the augmented matrix. In particular it is sufficient if V 
Equation (2-8) is nonzero. For nontrivial solutions, further- 
more, k must be real and c? positive. The latter leads to Equation 
(2-21). 

Folding linkages, i.e., linkages in which all links are in line, are 
to be avoided. Such linkages, and no others, occur when the pre- 
cision points (¢,;, Y,) possess central asymmetry in the 


sense 
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Table 2 Computation of five-point approximation using four-bar 
mechanism as function generator 


Pe 
[2-4] 


SELECT PRECISION POINTS , AND CompuTE 

X,Y, Z = come.ex CONJUGATES oF 


(k REAL, FROM [2-7] 
4 


KL)= 44 CONSISTING OF THE COMPLEX ELEMENTS OF 

me commns oF 9 THE LeFT To RIGHT 

(0, 4° kL) = Sane AS PRECEDING EXCEPT THAT AW ELEMENTS UnrTy 

Vag DETERMINANT OBTAINED BY REPLACING FIRST COLUMN ELEMENTS OF BY 
(AK, 1,1,1,1,1) IN THAT ORDER GOING DOWN 

=(3456}+(2356}+ (2346) (1256 (1240)- (aBe}+(1234) . [2-3] 

Va, +(2556)-+ (2346) + (2345) + (S456) 2556) 

OBTAINED BY WTERACHANGING |= 3,2 

= OBTNNED BY INTERCHANGNG NUMBERS 155, Ja 

THESE CALCULATIONS 17, COMPLEX OS TERMINANTS 

Swick 9, (\234), (1256) ano (3456) ARE REAL, (2545) AND (346) 


(1236) AND (1245) -— (1456) AND (2356) HAVE (PAIRWISE) REALS oF 
OPPOSITE SIGN AND IDENTICAL IMAGINARIES, LET 


Vy = = (Yaya) + [2-13] 
= + = + i +p42k) : (2-14] 
FROM €a. [2-6] . . [2-15] 
THEN ask | . ‘ [2-!7] 


WHERE 4,0, +B,Q, 


A, = +P, 


(2-18) 
az = 
COMPUTE k AKO THEN X,Y,2 [2-1]: - 
pis 


Ps* Vz7+2? 


(For NON-TRIVIAL SOLUTIONS: pee - [2-2y) 


RP 
weal, b=ps/p2 ; d= ps/p, 
c* = 1+b*+d?- Ad } [223] 
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Table 3. Minimization of structural error by successive respacing of 
precision points 


Y= ~ a} (IDEAL FUNCTION) . . [3-i] 


a + 2ab cosg 
6,8 2 d (GENERATED OR ACTUAL FUNCTION) . 3-7] 


E = STRUCTURAL ERROR, REFERS To oR y Thus: 
y ECx)= -g (x) 

max absdiute value of error in the interval (4 or (x5) 
absolute value of error in the intervals ard 
xi values of Bij, after respacing precision pois 


ij = (¢. Ss $5) Pi (j = i+!) 


usually m=3 

that = so = Gs = —ss, and Pu = 


—yY;. Cranks of zero length occur when the precision points 
possess central symmetry: gx: = —@is, Ys = Wu, dis = — das, 
and Ys = Was; in that case, however, other values of k may exist 
leading to well-proportioned linkages, depending on the particular 
case. If the remainder in Equation (2-17) is used as a criterion 
for the correctness of k, an inaccurate value of k can occur when 
the remainder, regarded as a function of k, is nearly stationary and 
small. For this case, special consistency checks are required to 
refine the k value (or greater precision in the computation). 
There may be three real or one real root of Equation (2-17) and 
if the consistency criteria are satisfied these values of k are non- 
trivial. 

3. Respacing of Precision Points for Minimum Error, Table 3. 
Fig. 2 shows the nature of the structural-error variation in a 
five-point approximation. A new choice of precision points (2,, y;) 
is sought so as to minimize the maximum error, which is defined as 
the difference between the ideal function, Equation (3-1), and the 
generated function, Equation (8-7). An interval length (¢;, $;) 
is denoted by $,;; and the numerical value of the maximum error 
within that interval by €,,.. Primes denote respaced values. 

Suppose the interval width @;,(7 = ¢ + 1), Fig. 2, is propor- 
tional to the mth root of €,;. Then 

m/ 
di; Vv 


= (8) 
%.; 


The maximum error is minimized when €;; = €min for all inter- 
vals (¢,, ~,). This condition, coupled with the requirement that 
A? remains constant, leads to Equation (3-8) and the subsequent 
respacing, Equations (3-15) and (3-16). The value of m can be 
adjusted for rapid convergence, usually tom = 3. The respaced 
input values can be used to caleulate new mechanism proportions, 
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(7 NOTE: END POINTS ARE USUALLY POINTS OF 
/ MAXIMUM ERROR, ALSO IN THE 
OPTIMUM CONDITION 
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Fig. 2 Structural error variation in a five-point approximation 
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ERROR 
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Fig.3 Schematic of aut putation setup with a digital computer 


and the iteration can be continued until the maximum structural 
error has converged to its minimum value. 

The nature of the feedback ar- 
rangement is shown in Fig. 3... A program usable in this fashion 
with the I.B.M. 650 Magnetic-Drum Data-Processing Ma- 
chine, with the required logic circuits and double-precision ac- 
curacy for much of the computation, is available upon request 
from the author. The cubie equation (2-17) has been solved 
numerically by Sarafyan’s method [13] which always converges 
and prescribes the ‘‘first guess’ at the expense of slightly longer 
computation time. 


4 Digital Computer Setup. 


The rate of convergence to minimum error 
depends on the ideal function, the range, and the mechanism. 
In general, the smaller the angular velocity ratio and its varia- 
tion, the faster the convergence. Five cycles have sufficed in the 
author’s experience (see section Examples). Respacing theory 
can also be based upon the process of error linearization used by 
Svoboda [14], but in order to minimize the length of the pro- 
gram, as well as for its own sake, the method shown in Table 3 
was developed. 


Other Methods of Optimization 


These can be based on the use of other orthogonal polynomials 
such as the trigonometric, Laguerre, and Legendre polynomi- 


als with their various least-square properties. For the Legendre 
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polynomials the weight function in Equation (7) is unity if the 7's 
are considered Legendre polynomials. Although the least-square 
integrated error is minimum, the maximum absolute value is not 


_ [9, 15], and the latter is believed to be the most frequently desired 


type of minimization. It can be shown? that approximations by 
means of series of orthogonal polynomials of degree (n — 1) for 
the highest-degree polynomials, possess at least n precision points 
(unless the approximation is exact), and have minimization 
properties similar to those of Equation (7) but with different 
weight functions. 


Table 4 Levitskii’s method for the three-point approximation 


Let pebld. pe-be. 


n 
Minmze = X - - [42] 
WHERE (¢,,);) ARE VALUES OBTAINED FROM The 
\DEAL FUNCTION, £@.[3-1], ANO n2>4. 


Ler Coo 7 (al SuMMATIONS 4 TO n) 
Co, cos (¢,-%) 

Coz wos; 

C2 

€ 4j = Cy 


[4-3] 


THEN n 
Coo Po + Cor Pi +Co2 P2 cost cosfi 
CroPo+Cu Pi Ci2 Pe = cos, 
C20P + Cai Pi + C2aPo = cos 

Sowe FOR THE EQ. FOR The Pi'S ANO compuTE 
LINKAGE PROPORTIONS FROM [4-4 

NOTE THAT FOR ALL VALUES OF OB TAINED 


FRom THE ACTUAL FUNCTION, EQ.[3-7], S,, WouLDd 
BE ZERO 


[4-4] 


Least-square methods of a somewhat different type have been 
used by Levitskii [16], whose method leads to a closed-form 
solution when applicable; e.g., in a three-point approximation in 
a four-bar mechanism. The method is outlined in Table 4. The 
minimization applies to cos Y rather than to Y, and the integra- 
tion is replaced by a summation. The number of summations 
can be reduced to one more than the number of precision points 
by adopting the following suggested addition to the Levitskii 
method: 

The weight function required in Equation (7) with respect to 
integration disappears with respect to the summation 


n=1 


(ta) =O, 7,8 < 
a=0 


where rq are the n roots of 7,(2) = 0 [17]. This suggests using, 
for the summation in Equation (4-2) Table 4, the four values of 
corresponding to the roots of = 0. as listed in Equations 
(1-3) and (1-4) of Table 1. This means that in a small interval the 
approximations obtained in this manner are not only least square 
in the sense just given, but, for sufficiently large n, also possess 
least maximum structural error. In most more complicated ap- 
proximations, however, such as the five-point, a closed-form 
solution by the Levitskii method is no longer feasible due to non- 
linearities in the equations, and a method of successive approxi- 
mation, similar to Svoboda’s [14] ean be used. 

The method of successive improvement as used in Table 3 can 


? Private communication from Prof. G. Szegé, Stanford University. 
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Table 5 Examples of five-point approximations 


| FUNCTION | Log | Loge _| hog, hog Leg, % | Log. % 
x 10.0 2 


GO 60 GO 60 GO 
60 GO Xe) GO 60 60 60 
1-000 1G7 |.020 1. 0120104 | 1. 0140633) 1.0144678 [1.02447 
|-20611 1.333 1-1166732 [1.145124 | 1,1323697 | 1.135 S580 | 1-206 
2.307 1.50000 1.500 |. 457 1.3537132 | 1-3936763 | 1-3787479 | 1. 384-2742 
| | 4.190 | 1-667 1.767 1-689 304a| 1-7172306 | 17094641 | 1.7104985 | 1.79369 
Xs 8.577 \-97553 1.833 372 169593025] | 1.962 9220] 1.9627009 |1917553 
(deg) 19.372363 |53.707926 |63.!86777 | 55.2A73S | 52.3048 52.115 725] 52.578035|52.628390 |6).'70006 
deg) | 259. 19963 |258.02325 | 259. |252.07868 |259.08412 |259.07749 [9.313010 
2.80513G5 |+8'539009 | 82519634 | 85023419 |- 84289382 |. 84728507 |. 84560215 |1.0354560 
1917229 3.618943 | 8-5336858 | 3.4624604 3-4917237 | 
Eo eg) | 00014 *09258 -0078S -00245 | -00420 |-00343 | -0038  |.00264 
| -03728 | 90820 0012 00637 *00274 | 00408 | -00357 | -0037 |-00K4 
€23(") | -02434 | -00365 00050 | 00395 | - 00352 | +0037) * 00366 | -0037 |-0007s0 
E34(") | ‘00177 0001S | + 00243 -00426 | 00339 | -00387 | - 0036 |- 000162 
Eas") | '6427 00090 - 00162 004BO *0033G | - 00373 | -0037 |- 0012 
Es¢(") | 38222 00080 0001S 00134 + 00332 | ‘00375 | | + 00030 
- 2 2 3 - 


be used with any optimization criterion characterized by the 
minimization of the value in each interval 
Di If, for instance, the 
squared integrated area under each section of the error curve 
(A,,) is to be a minimum, the only change in Table 3 is the substi- 
tion of A,, for the symbol €;; 


maximum absolute 


1) of any continuous function of x. 


Application to Path Generation 


The methods developed so far are applicable, with some modi- 
fications, to path generation. The distance between the ideal 
curve f(c) and the generated curve g(x) is, in general, not equal to 
(f — g) which is the quantity minimized heretofore. The exact 
expression for the minimum distance between two curves involves 
the solution of a differential equation which may or may not be 
soluble, and the following approximate method is suggested: 

Let (2, y) be a point on the ideal curve 


; let (x, y:) and (22, y) be 
points on the generated curve. 


Then the minimum distance D 
between the curves is given approximately by the expression 


| 1 1 ] 
(a2 — 2)? — y)? 


This is the quantity which should be minimized. In the dis- 
cussion of optimum spacing, the are length of the curve takes the 
place of length along the a-axis. 
and approximate for larger ones. 


20 


This is exact for small intervals 
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Examples 


Table 5 lists sixteen linkages synthesizing the functions log 2, 
sin xz, and x? by means of five-point approximations obtained by 
means of the “650” I.B.M. computer. These examples illustrate 
the theory developed in the earlier part of this paper, as well as 
the accuracy and completeness of the obtainable information. 
One column represents several months on one desk computer and, 
once the program exists, it can be given to a computation section 
to grind out mechanisms. 


Conclusion 


The methods presented can be used in future work to develop 
an “atlas’’ of synthesized functions and paths having minimum 
structural error; such an atlas might be called ‘‘Approximations 
for Linkage Generators’’ (suggested also by KX. Hain), similar in 
spirit to C. Hastings’ “Approximations for Digital ¢ ‘aniptind 
(Princeton University Press, Princeton, N. J., 1955). 
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Table 5 Examples of five-point approximations (continued) 
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T. P. Goodman’ 


This paper is a landmark in the development of kinematic- 
synthesis techniques, since it presents for the first time 
tical design procedure for finding the linkage which best ap- 
proximates a given function. Particularly 
author’s digital-computer adaptation of Chebichev’s mathemati- 


a prac- 
noteworthy is the 
cal approach 

Table 5 raises two practical questions: 


1 Are the linkages given by Columns 8, 10, and 15 practical 
and useful (in which case they might well be the first entries 


Professor of Mechanical Engineering, Massachusetts 
Cambridge, Mass. Mem. ASME 


3 ant 


Institute of Technology, Assoc. 
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some factor not shown in Table 5 (such as unfavorable transmis- 
sion angles) which limits their usefulness? 

2 What are the approximate time and cost of the digital 
computations for a column of Table 5? 


G. N. Sandor‘ 


The author is to be congratulated on having added to his 
list of contributions in kinematic analysis and synthesis the 
very significant substance of the present paper. For example 
the method he modestly calls the “modified Chebichev spacing” 
is welcome as the first analytic procedure for the preselection of 
precision points, a task for which only general guide rules, also 
pronounced by himself [3], were previously available. Those of 
us who have spent weeks at the desk calculator on a single 
problem will especially appreciate his introduction of power- 
ful automatic digital-computer techniques into the field of kine- 
matic sy ithesis. 

Using a new five-point approximation method, to be submitted 
shortly as an ASME paper by the author and the writer, the latter 
has applied the author’s respacing formula (3-8) with m = 3 in 
the analytic synthesis of a path-generating linkage with note- 
worthy results. In a single step of respacing from an arbitrary 
initial spacing, not only was the maximum normal deviation 
between the generated and the ideal paths reduced from 0.007256 
in. to 0.005598 in. along a 1.9-in. long arcuate segment of curva- 
ture radius 1.74 in., but also, the quality of the synthesized 
linkage was improved in two additional ways: (a) The ratio of 
maximum to minimum link length was reduced from 2.593 to 


‘Chief Engineer, TIME Inc., Springdale Laboratories, Springdale, 
Conn. Mem. ASME. 
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in the atlas which the author suggests in his conclusion), or is there 


2.237; and (b) the ratio of maximum link length to the distance 
between the extreme points of the path also was decreased 

These few results indicate that the author’s suggestions of how 
to apply his newly developed theory to the optimization of path- 
generating mechanisms hold the promise of further worth-while 
achievements. 


Author’s Closure 


The author is grateful to Drs. Goodman and Sandor for their 
discussions. The linkages given in columns 8, 10, and 15 are 
believed to be practical linkages. The ratio of maximum to 
minimum link length is about four to one; the most unfavorable 
transmission angle is about forty-five degrees; all three linkages 
are double-rockers. Since for most purposes these mechanisms 
are used only within the given range of mechanization, complete 
rotations would not be required. The proportions and trans- 
mission angles are reasonably good and thus these mechanisms 
could, it is thought, become the first entries in an atlas of comput- 
ing linkages. 

The time of computation of one column (one cycle) of Table 5 
is about one hour on the IBM 650. At current rates this amounts 
to about $120. 

It is gratifying to learn of Dr. Sandor’s successful application of 
respacing theory to path-generation and it is conceivable that 
an atlas of optimum path-generating linkages would also serve a 
useful purpose. 

While the computer provides us with a powerful tool, much work 
still remains to be done on predicting transmission angles and 
total crank ranges. As in other fields of endeavor the solution 
of one problem raises a host of new ones and thereby keeps the 
subject fascinating. 
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The Design of Linkages to 


C. W. ALLEN 


Engineer, General Electric 
Company, Richland, Wash. 


Assoc. Mem. ASME output. 


Generate Functions of Two Variables 


Graphical methods are presented for designing linkages that have two inputs and one 
Two basic approaches are developed. 
limited number of positions with the maximum number being seven. 
developed which match the derivatives of the desired function at a single point. 


The desired function is matched at a 
Designs are als) 


The 


designs were developed with ease of solution and broadness of application as primary 


considerations. 


Introduction 


te synthesis of linkages to generate functions of one 
variable has been the subject of numerous investigations in the 
past and undoubtedly will continue to be a subject of wide in- 
terest for some time. The extension of the problem of designing 
linkages to include functions of two variables presents the de- 
signer with a new and versatile tool. Svoboda [1]? has presented 
a possible design procedure, but this has not been widely ap- 
plied—perhaps due to the difficulty of the design or the resulting 
complexity of the final linkage. Pike and Silverberg [2] have 
given a method of solving the problem by using function genera- 
tors of a single variable and adders. The resultant mechanism 
will contain more parts and occupy more space than can be al- 
lowed in many problems. The following designs are based upon 
two basic requirements: First, that the resulting linkage shall be 
a plane linkage containing as few parts as practical; second, that 
the design shall be as simple as practical, vet fulfilling the basic re- 
quirements of the problem. 


The Linkage 


An investigation of possible linkages resulted in choosing a 
single type of linkage for this investigation. This linkage has 
three fixed pivots and therefore can easily represent the output 
and two inputs as rotations with respect to the fixed link. By 
requiring that a crank have an infinite effective radius, straight 
line translation is obtained instead of rotation. The linkage repre- 
‘sents the minimum number of links having three links rotating 
relative to the fixed link and having two degrees of freedom. The 
basic linkage to be used is shown in Fig. 1. 


Expressing the Function in Design Form 


The general function z = f(x, y) is best expressed as three func- 


tions of one variable for design purposes. Then 


= F\(r) when y = | 
Z, = FAx) when y = ye 
Z3 = F(x) when y = ys 


Then Z;, Z2, and Z; can be plotted as curves. This will be helpful 


1 This paper is based on the author’s PhD dissertation at Purdue 
University, Lafayette, Ind. : 

2? Numbers in brackets designate References at end of paper. 

Contributed by the Machine Design Division and presented at the 
Semi-Annual Meeting, Detroit, Mich., June 15-19, 1958, of Tue 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be under- 
stood as individual expressions of their authors and not those of the 
Society. Manuscript received at ASME Headquarters, April 9, 
1958. Paper No. 58—SA-57. 
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Fig. 1 The basic linkage and nomenclature 


in choosing the design positions and also in evaluating the final 
design. The design points will be taken as points on these 
curves. For purposes of computation the values of the variables 
at the design points can be presented in tabular form. 


Nomenclature 


Fig. 1 shows the linkage and the letters for the designation of 
links and pin joints. The following is a definiton of symbols: 


output variable 
the two input variables 
the desired function 


Z = fiz,y) 
Xi, Zz, ete. values of the input variable x 
values of the input variable y 
values of the output variable zi. = f(x, yz) 
4, output angle or distance (degrees or inches) 
measured from the theoretical position, 
2 = 2 


Ay Ya, ete. 


212) X23, ete. 


input angle or distance (degrees or inches) 
measured from the position, r = 2; 

input angle or distance (degrees or inches) 
measured from the position, y = 

scale factors 

constants 

relations for the input and output variables 

in terms of scale factors, angles, and 

stants 


input crank or slider corresponding to varia- 
ble x 
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ee 
By 
4 B \\ @ 
Z 
632 
A, A d \633 
Ao G2 \ 
& 
\\a 
\ 
Ao Co 
= 
6, = 
ke, ky ky = 
y = + C,¢ 
= + C, | 


4h = input crank or slider corresponding to varia- 
ble y 
c¢ = output crank or slider 
1,, By, Co = fixed pivots for links a, b, and ¢ 
A, B,C = the movable ends of a, b, and ¢ 
G = the pin joint common to links d, e, and f 


Gi, Gio, ete. 


particular positions of point G; Gy» is the 
position of G when x = 2, and y = y 


Design Considerations 


It is desirable that any method of generating the desired func- 
tion should be applicable to as broad a class of functions as possi- 
ble. To be included in the class of functions will be empirical 
functions given only in the form of the curves. The only re- 
strictions are that the functions in the range under consideration 
be bounded, single valued, and continuous. 

The generation of the desired function will be approximate in all 
linkage designs of this type. The error between the desired and 
actual functions can be reduced to zero at only a finite number of 
positions. The number of positions of zero error is limited by the 
number of linkage parameters to be determined. Therefore there 
will, in general, exist an error in the output function compared to 
the desired function. 

A function of two variables will be plotted as a series of curves 
with each curve representing a different value of one input varia- 
ble. The method of solution will be to attempt to generate a 
function such that, when plotted as curves, will approximate the 
desired curves. No attempt will be made to find a particular 
type of linkage that will theoretically generate a function exactly. 


FINITELY SEPARATED DESIGN POSITIONS 


In this seetion consideration is given to matching the desired 
function in magnitude at a limited number of positions. 


Starting the Design 


To start the design a considerable portion of the linkage is 
chosen. The location Ay and Cy; the lengths of links a, d, f, 
and the locations of A; and Cy, are chosen. The seale factors k, 
and k, are chosen. From previous equations values of 6, and 6, 
can be computed to locate As, As, and the necessary C points. 
(Just how many and which C points are necessary depends upon 
the particular design.) Then the @ points corresponding to the C 
points are located. It is the location of the @ points that forms 
the basis of the design. 

With such a large number of variables to be chosen, the possible 
number of solutions to any problem is limited only by the number 
of solutions the designer is willing to complete. The large num- 
ber.of solutions allows a choice of solutions as well as the possibil- 
ity of satisfying other conditions such as transmission angles. 

For a given value of the y input, one, two, or three G points are 
located. If three @ points (such as Giz, Gx, and Gy») are chosen, 
then B, is the center of a circle passing through the three points. 
If two points (such as Gi, G33) are chosen, then B, is located equal 
distance from G); and G3; (Bs; is on the perpendicular bisector of 
the line GiyGs,). If only one @ point (such as Go,) is chosen, then 
the point B, is located on an are with center Gy and radius BG. 
By combining these possibilities, solutions to the problem are ob- 
tained, 


Completing the Design 
Let NV, be the number of values of the y input for which only 


one G@ point is given, N2 be the number of values of the y input for 
which there are two G points, and NV; be the number of values of 
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Table 1 Some N combinations having solutions to the design 
Solution N3 
number 
I 0 2 1 
II 1 1 1 
III 2 0 1 
IV ! 2 0 
G33 
Bo 
Zt 
By 
- 
Ne 
Fig. 2 Determination of B,, B:, B:, and By 
the y input for which there are three @ points. These G points are 


all that are to be used, not the number that ean be found. There 
exist four solutions of interest as shown in Table 1. Each solu- 
tion is based upon the location of one to three @ points for each of 
the three values of y. 

Solution 1. This solution has seven design positions. There 
exists the disadvantage of having the y input scale nonlinear. 
For this solution three @ points are located corresponding to one 
value of y and two G@ points located corresponding to each of two 
other values of y. The points Gu, Gs, Giz, and as 
shown in Fig. 2, will be used as an illustration for the completion 
of the design. The points Gi, G», and Gy», corresponding to the 
curve y = ys, determine a circle with center By and radius BG. 
Point B, lies on the perpendicular bisector of line GG, a distance 
BG from G,, and G3. Similarly B; lies on the perpendicular bisec- 
tor of line G,;G33 a distance BG from G,; and Gy. Points By, Bs, 
and B; determine a circle with center B,—thus completing the 
design. 

Solution Il. By reducing the number of design positions by one 
the scales can all be linear, thus only six G points are used. To 
obtain the linear seale it is convenient that y; — y= ye — YA. 
Let the points be the same as before except that tor y = ys the 
point G2; is used instead of the two previous points. In Fig. 3 B, 
and B, are located as in the previous solution. The locus of point 
B; is a circle of radius BG and center G23. Since — y2 = Ye — 
the are distance from B; to B, will equal the arc distance from By 
to B,. Thus B; is found as the intersection of an are about G2; of 
radius BG and an are about B, of radius B,B,. Locating By as the 
center of a circle passing through B,, Ba, and B; completes the 
design. 

Solution Ill. If the scale factor k, for the crank pivoted at Bo is 
not free to be determined in the design, then one more design 
position must be sacrificed to obtain a solution. Five @ points 
are to be used: One for y = y, three for y = y2, and one for y = 
The point By, is 
located as the center of the circle determined by the three points 
Gy, Go, and Gy. Ares of radius BG are drawn about the G2; and 
Gi; points. These ares form the loci of the B; and B; points. Let 
the are about Gs; be labeled 6; and the are about G.; be labeled hg. 

The following construction is shown in Fig. 5. A locus for the 
point By can be determined using B, and };. Choose any point 2 
on 6; and construct an isosceles triangle with base B,R and vertex 
angle di, where gi. is the difference between 0, for y = y: and 6, 
for y = y:. The vertex of this triangle is a point on the locus of 
By. Let the vertex be denoted by P. Since there are two possible 
locations for P as shown in Fig. 5, one location will be denoted 


y3. The five @ points are shown in Fig. 4. 
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Fig. Construction to locate B,, B;, and By 
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Fig. 5 Construction of M,N, M’, and N’ 
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Fig. 6 Construction for solution IV 


as P and one location will be denoted as P’. Choosing several 
R points enables the designer to determine a locus consisting of 
all points ? and a locus consisting of all points P’. Let the locus of 
P points be M and the locus of P’ points be M’. Thus the point B, 
may be any point on M or M’. Choosing points on b; and follow- 
ing a similar construction determines two more loci for Bo. Let 
the points on b; be denoted as S and the vertex of the triangles as 
T and T’. The loci of all points 7 and T’ are N and N’. The ver- 
tex angles being 623, the difference between 0, for y = y; and 6, for 

The loci M, M’, N, and N’ are circles [3] but are usually more 
easily constructed by individual points than by cireie ares. The 
intersection of one of the M loci with one of the N loci is a possible 
location for the By point. Once the By point is determined, an 
are with center By and radius BB, is drawn. The intersection of 
this are with b; and b; determines the points B; and B;. Because 
of the possibility of multiple solutions, care should be taken that 
the locations of Bo, Bi, Bz, and B; are such they fulfill the require- 
ments of the problem. 

Solution IV. Again only five positions are satisfied in the design, 
therefore resulting in a case limited in precision, but able to fulfill 
additional requirements. This solution is similar to Solution IT 
except that the scale factor for both input cranks can be specified. 
For two values of y, two @ points are located, and for the remain- 
ing value of y, one G point. Let these G points be Gu, Gis, Ga, Gx, 
and G3; as shown in Fig. 6. Bo is located at some point on the per- 
pendicular bisector of GG; and B, located at some point on the 
perpendicular bisector of Gy2Gi2. The point Bs will be located on 
a circle about G,;. 

To complete the solution a trial distance is shown for GB, 
Points B,; and By are located and a circle of radius GB is drawn 
about Gy. If the seale factor k, has been chosen, then the angles 
dy and ds; are known (@ angles are the same angles described in 
Solution The angle and the points B; and B, are used to 
locate two possible locations for point Bo as shown in Fig. 6. By 
constructing the angle gd»; two points B;’ and By,” are located. If 
either of these points is located on the are about Gy, then a solu- 
tion has been found. Since in general this will not happen, 
another attempt must be made. It has been found convenient to 
draw a curve of the minimum distances from B;’ and B;” to the 
cirele about Gs, denoted by e; and e:, versus the chosen distance 
GB. Solutions are obtained when the value of e; or é: is zero. 

Although the solution is obtained by a trial and error process, 
by accurate construction and careful plotting of the e values on a 
graph, solutions can be obtained that are as accurate as graphical 
methods allow. 
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Fig. 4 The initial linkage with curves shown for locating By ia 
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Improving the Original Linkage Choice 


The previous methods are based upon choice of most of the link 
lengths for a major portion of the linkage to locate the G points. 
In the first three methods three G points were used to determine 
the length of the link GB. The following involves eliminating 
these three points from the solution and choosing the original 
linkage such that four or five positions are satisfied. This is ac- 
complished by designing a linkage to generate a function of one 

‘input for a fixed value of the second input. Links are then added 
in such a fashion that the precision of the original design is re- 
tained in the final linkage. 

Procedures for designing a linkage to generate a function of one 
variable are well known [{1l, 4]. Any of these methods can be 
used to design a four-bar linkage to generate the desired function 
for a given value of y. Thus if y = y, then a linkage can be de- 
signed to generate z as a function of x. This is accomplished and 
the resulting linkage might appear as ApAGB, in Fig. 7. 

To the original four-bar linkage two more links are added such 
as to form a parallelogram linkage as shown by links GC and CC). 
The link GB, is momentarily disregarded and the remaining links 
are the portion of the linkage necessary to start the design. G@ 
points are located for y = y, and y = y;. The design is com- 
pleted as in Methods I, II, or II excepting that no points are 
necessary for y = yas the length GB has been determined. 

This procedure allows a very good design to be obtained for 


DESIGN AT A SINGLE POINT 


Instead of specifying that the desired function shall be matched 
at a number of separated points, there also exist designs which 
‘match «a number of derivatives of the desired function at a single 
point. This approach has been used with good results for gen- 
erating functions of a single variable {4, 5] —especially when the 
range of motion is small. 


Derivatives of the Desired Function 


For the following designs the derivatives of the desired function 
are related to the velocity and acceleration of points on the 
linkage. First let us consider the derivatives of the desired func- 
tion. The funetion and the first two derivatives of the function 
are? 


f(z; y ) ) 
dz oz dx oz: dy 
= 4 (2.) 
dt or dl oy dt 


dt? Ox? dt ; oy? dt Or dt? 
oz dty dx dy 
dy dl? drdy dt at 


In the application of these equations to the linkage it is convenient 
to use special cases of both equations (2) and (3). These are: 


dz oz dx dy 
= when —=0 (4) 
dt or dt dt 
dz oz dy dx 3 
= when = 0) (5) 
dt oy dt dt 
d*z dz \* Oz dy 
= : + When = = (6) 
dt? Ox? dt or dl? dt dt? 
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Fig. 7 A four-bar linkage with added parallelogram linkage added 


Fig. 8 The basic link with infinite crank lengths 


d?z dy \? oz d*y dr d*xr 
— -} + - when = =0 (7) 
dt? oy? \ dt oy dt? dt dt? 


lquations (4) through (7) will be used as the basis of the following 
designs, 


Equations of Motion of Points on the Linkage 


In the previous examples the input and output of the linkage 
has been an angular motion. For simplicity in the following de- 
sign the input and output can be considered to be motion along a 
straight line. This corresponds to making cranks a, 6, and ¢ in- 
finite in length. If angular motion is desired, then the proper 
adjustment is made before starting the solution. 

In Fig. 8 the linkage to be considered is shown. The symbols 
4., 6,, and @, have been retained, but in this case represent linear 
motion. The following velocity relations are obtained from the 
usual velocity analysis [6, 7]. 


When Vz = 0, 


Vet = Vet + (8) 
Vg = Vat Vor (9) 
The superseript has been introduced to avoid confusing certain 


terms with similar terms in the following equations. 
When V, = 0, 
Vo® = + Veg? (10) 
Vo? = Va? + Von? (11) 
The following equations can be obtained from a similar accelera- 


tion analysis: 
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When Vz = Az = 0, 


Ag’ = + 


Ag4 = Aga * Aga™4 + 


When V, 
B4 + Ag? 


Ag® = + Agg™® + Ap? 


From a physical interpretation of equations (4) through (17) we 
can obtain the following relations: 


dx 


dt? 


If links a, b, and c are to be of finite length with 6,, 6,, and 6, 
being angles, then 44, Ag, and A> are the tangential components 
of the acceleration. 


Solving the Velocity and Acceleration Equations 


The partial derivatives are evaluated at the design position. 
‘The design position is normally chosen as the middle of the ranges 
of both x and y. When the partial derivatives have been evalu- 
ated and the scale factors chosen, the magnitudes of the velocities 
and accelerations of points A, B, and C can be determined for the 
two cases of point A stationary and point B stationary. 

Solution V. The solution of only the velocity equations can be 
easily accomplished by a graphical solution. The magnitude of 
Va4, Vo?, and must first be determined. The directions 
of links d, e, and f are chosen. The solution is based upon a ve- 
locity polygon. 

About the pole for the proposed velocity polygon three circles 
are drawn. One circle has a radius of unit magnitude. This cir- 
cle will represent the magnitude of Ve4 and V,%. The other 
two circles have radii proportional to V44/V¢4 and V,?/V¢"*. 
These circles represent the magnitude of V44 and V3,?, respec- 
tively. To start the polygon the direction of motion of one 
point is chosen. The solution of equations (8), (9), (10), and 
(11) ean easily be accomplished, noting that Ve“ is parallel to 
V-8. A completed velocity polygon is shown in Fig. 9. 

The completion of the polygon determines the directions of the 
velocities of the two remaining points. There is still considerable 
freedom for the designer in completing the linkage. The lengths 
of the links are arbitrary as well as the sense of the points A, B, 
and C from the point G. Thus this design does not give a definite 
solution to the problem, but yields a class of linkages satisfying 
the design conditions. 

Solution VI. The previous method is valuable in determining 
only a class of linkages, but may be extended to give a specific 
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Fig.9 The velocity polygon 


solution by including more design conditions. Thus the second 
derivatives can be satisfied by solving equations (12) through 
(17). 

A graphical solution of these equations can be obtained only by 
placing a restriction upon the direction of one velocity compo- 
nent. For a solution either V4 is taken perpendicular to link e, or 
Vz, is taken perpendicular to link d. This restriction does not 
prove to be a serious restriction in the application. The first part 
of the design is accomplished by completing the previous velocity 
design. Using the values of the second derivatives of the desired 
function at the design position and the scale factors, the values 
of the tangential second derivatives of the points A, B, and C 
can be computed. 

To solve the acceleration equations the paths of points A, B, 
and C must be known. The paths of these points will be either 
circle ares or straight lines in a linkage. If the paths are circles, 
the radii of the circles must be known to compute the values of 
the normal accelerations. Starting with the point whose ve- 
locity is perpendicular to an intermediate link, the equations can 
be solved. The special choice of direction for one velocity results 
in a normal relative acceleration being zero. (If V4 is perpen- 
dicular to link e, then Ag,” = 0 when Vg = 0.) The length of 
link d or e, depending upon how the design is started, must be 
chosen by the designer. 

The velocity solution shown in Fig. 9 was started with V4 per- 


pendicular to link e. This choice enables the solution to be 


Fig. 10 The acceleration polygon 
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carried further and the accelerations satisfied. The completed 
acceleration polygon is shown in Fig. 10. Once the acceleration 
polygon is complete, the lengths of the remaining links can be de- 
termined. The acceleration polygon will also determine the sense 
of these links, 


Results of an Example Problem 


The details of solving a problem are simple, but step by step 
explanations are of such length that they must be omitted here. 
The results of applying the design procedure to a specific example 
are shown. The function used in this example is z = z?y!-, for 
}<a2<ldAand!l < y <2. The method given in Solution I for 
separated design positions was applied to this problem and the 
results are shown in Fig. 11. The design positions are not points 
of zero error due to drawing inaccuracies. 

The same problem was solved by the method of Solution VI for 
design at a single point and the results are shown in Fig. 12. In 
this application the design is very good in «a region about the de- 
sign point (2 = 1.2, y = 1.5) and the error becomes greater away 
from this point, 


Summary 


The preceding designs are presented as an approach to the 


DESIRED 
—-- ACTUAL 


OUTPUT Z 


08 1.0 1.2 1.4 1.6 
INPUT X 


Fig. 11 Comparison of the actual and desired functions for an example of 
Solution! 
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Fig. 12 Comparison of the actual and desired functions for an example 
of Solution VI 
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solution of designing two degree-of-freedom linkages. Compared 
to present methods of synthesis for single degree-of-freedom 
linkages the approach may appear simple and the results crude. 
One cannot hope to find procedures for a more complicated 
linkage that will compare in simplicity and accuracy with the 
simpler four-bar linkage. The design procedures were developed 
with the intention of finding a general configuration of the linkage 
and certain dimensions to help the designer fit the final linkage to 
his particular application. The errors that result from the de- 
signs may eliminate the application of these procedures to some 
problems. Since the designs are quickly accomplished, several 
may be completed in a search for one fulfilling the allowable 
tolerance. One cannot hope to obtain errors of the magnitude 
possible in a four-bar linkage without considerable luck. In the 
many applications where the tolerances are more liberal, satisfac- 
tory solutions can be obtained. Perhaps future work will present 
methods of reducing the maximum error as has been done for the 
four-bar linkage. 
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DISCUSSION 
F. Freudenstein® 


Linkages with two degrees of freedom possess challenging 
design possibilities both in path and function generation as, for 
instance, in applications currently utilizing three-dimensional 
cams. The design of such linkages is complex and the author 
is to be commended for being among the first to investigate 
this subject and for having reduced it to the simplest possible 
geometrical terms. In the author’s mechanism there are 9 
link lengths, 3 scale-factors and 3 zero values (constants), and 
hence 14 precision points exist in theory in the general case. It 
will be of interest to consider whether some of the techniques 
of synthesis developed in recent times could be used to increase 
the number of precision points obtained by the author thus far. 
Furthermore, if the graphical techniques presented in this paper 
can be expressed analytically in a manner suitable for computer 
programming, the usefulness of the results might be increased. 
In any case, this work represents an encouraging beginning in a 
difficult field of endeavor. 


T. P. Goodman 


This paper is a good beginning in a difficult field. Linkages 
which mechanize functions of two variables should be useful 
in automatic controls, especially in ‘adaptive’’ or “‘self-adjust- 
ing’ controllers in which a second input variable is used to ad- 
just the gain of the primary variable. The mechanical simplic- 
ity with which nonlinear functions of two variables can be ob- 
tained by these linkages, as shown by the example at the end 
of the paper, should represent a significant advantage over 

3 Columbia University, New York, N. Y. Assoc. Mem. ASME. 

4 Assistant Professor of Mechanical Engineering, Massachusetts 
Institute of Technology, Cambridge, Mass. Assoc. Mem. ASME. 
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conventional mechanical and electronie computing elements in 
control applications, 

The solution of the problem for both finitely separated positions 
and infinitesimally close positions is a logical extension of the 
kinematic-synthesis techniques developed for the single-variable 

roblem.®* For infinitesimally close positions, the use of velocity 

5R. Beyer, ‘“Kinematische Getriebesynthese,’’ Springer Verlag, 
Berlin, Germany, 1953. 

Freudenstein, ‘Approximate Synthesis of Four-Bar Linkages,” 
Trans. ASMP, vol. 77, 1955, pp. 853-861. 
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and acceleration vectors to synthesize the desired values of the 
displacement derivatives 0z/ O01, 0z/ Oy, 0°2z/ Ox*, and Oy? 
is an ingenious procedure. For finitely separated positions, 
since all constructions used depend on drawing a circle through 
three points, it appears that the method of point-position re- 
duction? could be used to design more complex linkages to match 
a larger number of points. For both types of solutions, a digital 
computer undoubtedly could be used for further refinements. 


7K. Hain, “Angewandte Getriebelehre,”” Hermann Schroedel Ver- 
lag, Hannover and Darmstadt, Germany, 1952, chapter N. 
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Helical Springs of Hollow Circular 
Cross Section 


A theoretical and experimental investigation of elastic shear stresses and deflection 
in an axially loaded helical spring having a hollow circular section is reported in this 


paper. Two analyses are presented: An approximation of the stresses by strength-of- 
materials theory and a more accurate elasticity-theory solution for stresses and deflection. 
The results are compared with strain and deflection measurements on an actual tubular 


spring. 


Introduction 


Tiss PROBLEM of determining elastic stresses in 
helical springs of solid circular cross section has been treated 
mathematically by many investigators. The analysis made by 
Wahl [1}* is one of the most widely accepted analyses based on 
strength-of-materials theory. Wahl used a method analogous 
to Winkler’s method [2] for finding bending stresses in curved 
beams. In solving the differential equations of equilibrium and 
compatibility by an iterative method, Gohner [3] made probably 
the first complete and generally applicable elasticity-theory 
analysis of the stresses and deflection. 

In 1884, Smith [4] made perhaps the first suggestion that heli- 
cal springs be coiled from tubing. Actual manufacture of such a 
spring was probably first mentioned in the literature by Berry [5] 
in 1938, when he deseribed a hollow spring which carried lubri- 
cating oil to the supporting mechanism. 

In apparently the only published analysis which treats elastic 
stresses and deflection of hollow springs, Reissner [6] analyzed 
an infinitely-thin-walled spring by the membrane theory of thin- 
walled shells of revolution. 


! Based, in part, on a portion of an unpublished thesis submitted 
in partial fulfillment of the requirements for the Master of Science 
degree at The Pennsylvania State University, August, 1956. 

2 Numbers in brackets designate References at end of paper. 

Contributed by the Machine Design Division and presented at 
the Semi-Annual Meeting, Detroit, Mich., June 15-19, 1958, of THE 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuseript received at ASME Headquarters, Feb- 
ruary 25, 1958. Paper No. 58—SA-18. 


Nomenclature 


WY 
Pp 
Fig. 1 Ring sector cut from a thick-walled helical spring 


Springs of solid circular section and springs of thin-walled cir- 
cular section are the two extremities of the present problem, which 
includes springs of any arbitrary wall thickness. The weight- 
saving characteristic of relatively thin-walled structural mem- 
bers has been used in aircraft structures for some time. How- 
ever, springs having relatively thick walls are of importance be- 
cause they have a weight advantage over solid springs and yet, 
unlike thin-walled springs, they neither crinkle flexurally during 
coiling nor buckle by torsional shear crippling in operation. For 
instance, Bruch [7] has recently conducted fatigue tests of thick- 
walled steel springs. The purpose of this paper is to present 
analyses applicable to this type of spring. Fig. 1 shows a ring 
sector cut from such a spring. 


Derivation by Strength-of-Materials Theory 


This derivation is an extension of Wahl’s analysis of a solid 
spring. Helix angle is not considered. Fig. 2 shows the co- 
ordinate system and elemental area. The total shear stress is 
assumed to consist of a stress due to a pure torsional couple and 


B = bore ratio (ratio of inside to Ay, Ay = respective maximum and mini- 


outside section diameter) 
( = spring index (ratio of mean coil tors 


diameter to outside section Kinax = Maximum 


diameter) 


= a constant effect 
D = mean coil diameter N 
d,, d respective inside and outside 


section diameters 
distance from center of tor- 
sional rotation to geometric 


mum total shear-stress fac- 


stress factor, including pitch 


= number of active coils 


R = mean coil radius 


8 = positional angle of any point 
in section, Fig. 4 
v = Poisson’s ratio 


combined — shear- p = radius from helix axis to any 
point in spring 

7 = shear stress at any point on 
spring surface 


P = applied axial load T, = direct shear stress 
p = tangent of helix angle 


Tra, Tes = Maximum and minimum tor- 
sional shear stresses 


chat al station r = radius to any point in section, T,, T, = shear stresses normal to and 
total axial deflection of spring, Fig. parallel to helix 
measured from free height ry To = respective inside and’ outside @ = shear-stress function 
= modulus of rigidity cross-sectional radii v., = respective uncorrected and 
K shear-stress factor of any point x,y = rectangular co-ordinates of any pitch-corrected deflection 


on spring surface 
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point in section, Figs. 2 and 4 factors 
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Fig. 2 Co-ordinate system used in the analysis according to strength-of- 
materials theory 
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BORE RATIO,B 


Fig. 3 Effect of bore ratio on maximum shear-stress factors obtained by 
strength-of-materials and elasticity theories 


another due to direct shear load. The torsional stress at points 
A and B in Fig. 2 may be expressed as 

-e 2 PR? 2 PR? 

R-—r, wr,“ — R+r, r,t 
Equating the area integral of the torsional stress component 


parallel with the helix axis to zero, integrating, and simplifying, 
yields 


1 + B? 
e= Fe (2) 
iC 
Substitution of Equation (2) into (1) and simplification gives 
iC —1—B*? 8 PDd, 
TA = ’ 
1" — 4 wd,‘ — 
LC Bes) Pda, 


The following equation for the direet or transverse shear stress 
at the outer edges of the horizontal diameter of a straight, hollow, 
circular beam subjected to a symmetrical vertical load was 
obtained by applying Saint-Venant’s elasticity-theory flexure 
analysis as reported by Sokolnikoff [8]. 
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4 (3 + 2p 1 + 2p 
4) 
( 1+ (; Fr — 


The stress at any point on the spring surface may be expressed 
as 
8 KPDad, 


(o) 
d,' d; 


where the dimensionless shear-stress factor A is the ratio of the 
stress at the desired point on the spring surface to the nominal 
stress, which is the torsional stress on the surface of a straight 
member having an identical section and subjected only to a pure 
torsional couple of magnitude PR. 

The maximum total shear stress, which is at A, is the sum of the 
torsional and direct-shear stresses. The corresponding A factor 


1 — 1 + 3 + 2v 
Kx = + + B (6 
40 — 4 3 + 2y (1 + v)2C 


In Fig. 3 dotted curves show this relation for a Poisson’s ratio v 
of 0.285. 
The total shear-stress factor at B is 


4C 1 + 1 + 3 2v 
( p) (7 
4C + 4 a 2v (1 


Is 


Derivation by Theory of Elasticity 


This derivation is based on Gé6hner’s analysis of a solid spring. 
Fig. 4 shows the co-ordinate system. Helix angle is not consid- 
ered here, since Ancker [9] has shown that it does not affeet 
shear stress. Its effeet on combined shear stress will be dis- 


cussed later. The basie differential equation is 


2p = 0 (8 
Op? p op 


The only boundary condition in the solid spring is that the re- 
sultant surface shear stress must be tangent to the surface. Here 
a similar condition is imposed at both inside and outside sur- 
faces. This requires that along each boundary the stress func- 
tion @ be equal to a constant, chosen to make the displacements 
single-valued. On the outside, @ is chosen to be zero for sim- 
plicity; thus on the inside it must have some other value. 

The resulting expressions for the fourth approximations of @ 
and the shear-stress components, respectively normal to and par- 
allel to the helix axis, are 

dC pr 


xr? + Sy? + 10r,7)( 2? + y 


512K: 


tT, = —CpG(y + 
1R DR Wik 
10 
8 128 256 
i 
HELIX AXIS 


dr dB / 
ELEMENTAL———~ | 


Fig. 4 Co-ordinate system used in the analysis according to elasticity 
theory 
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Constant Cy, is found by converting quations (10) and (11) 


to polar co-ordinates and equating external torque to internal 
Thus 


PR f r(7,sin 4 T, cos B) dB dr (12) 


For the fourth approximation 
is: 7,7 25 


C G(r,‘ (13) 


Axial spring deflection may be deduced from Hquation (13) 


resisting torque. 


and expressed by using a deflection factor Y, analogous to shear- 
tress factor AK in iquation (5). Thus 


PDIN 
v (14) 
G(d,4 d,*) 
In obtaining Equation (13), the coefficients of the last two terms 
16 and —3/8. 
25/64 and substituting 


inside the last parentheses fluctuated around 3 
Using these values instead of 13/64 and 
B and vields 


1 (15) 


1602 8c? 


Curves showing this relation are given in Fig. 5. 


At point Ain Fig. 4, y and 7, are zero anda = r,. Then 
1+ = 
64 64 I? 


Using the same reasoning as in Equation (15), (16) may be ap- 
proximated by 


Ka 1 + + + 


(17) 


The solid curves in Fig. 8 represent the relationship of Equation 


The approximation for the shear-stress factor at point B is 


5 7 3B? 


+ (18) 
SC? 


For comparative purposes, Fig. 6 gives Aa and yW, versus C for 
springs of infinitely-thin-walled circular section according to 
teissner’s theory and also according to the expressions derived 
in this puper, 


Effect of Spring Pitch 


13y considering deformation of a thin slice of a solid spring by 
elasticity methods, Ancker obtained an expression for the maxi- 
mum bending stress, which occurs at A. Upon combining this 
stress with the shear stress at A by the usual method, he found 
that the maximum combined shear stress was larger than the un- 
combined shear stress by only the factor '/. p® Since this factor 
is small, the hole in a hollow spring will affect its value little 
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Fig. 5 Effect of bore ra io on deflection factor 
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Fig.6 Maximum shear-stress factor by three theories for a helical spring 
of thin-walled circular cross section 
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Therefore this 
term may be added to Equation (17) to obtain the maximum 
combined shear-stress factor Amax. Thus 


compared to the other terms in the expression. 


Kmax =I1-+ 


(19) 


Likewise another term derived by Ancker may be added to 


i quation (15) to provide for pitch effect on deflection. Then 


Description of Test 


To check these equations, deflection and SR-4 strain-gage 
measurements were made on a thick-walled helical compression 
spring. Its dimensions, in inches, were: D, 4.05; d,, 0.570; 
d,;, 0.283; solid height, 6.50; and free height, 14.50. There were 
11'/, total coils. The SAK 8740 steel spring was coiled cold, 
preset with 0.5-in. permanent set, heat treated to an ultimate 
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tensile strength of 200,000 to 220,000 psi, shot blasted, cadmium 
plated 0.0003 in. minimum, and hydrogen relieved at 375 F for 
three hours. Although these processes were beneficial to fatigue 
life, they were detrimental to strain-gage determination of elastic 
shear-stress factors. 

Three sets of Type A-7 gages were equally spaced around a coil 
at approximately the center of the spring height. This enabled 
effects of load eccentricity to be removed by averaging and re- 
duced the possibility of adverse end effects. 
mounted on the spring surface at A. One other set was mounted 
at B, but cireumferentially in line with one of the point-A sets, 
in order to compare readings at A and B directly. In each set, 
one gage was mounted 45 deg above the tubing center line and the 

other 45 deg below. 

' The spring was compressed between parallel platens of a con- 
universal testing machine. Load, deflection, 
strain readings were taken at loads from 800 to 1300 Ib. 


These sets were 


ventional and 


Experimental Results 


The average spring rate P/F, based on seven measurements, 
was 218 lb/in. with a 0.8 per cent standard deviation. The cal- 
culated nominal spring rate, using Equation (14) with deflection 


factor Y = 1 and assuming @ = 11,500,000 psi and N = 9.75, 
was 220 lb/in. Thus the average Y, obtained experimentally 
was 1.01. The theoretical y, values calculated by Equation 


(20), using pitch values corresponding to each load, also averaged 
1.01. Thus the actual difference between experimental and 
theoretical Y, values was zero. Table 1 lists possible sources of 
error and their estimated effects on the various results. The 
estimated probable error of 3.2 per cent for W, indicated either 


Table | 


that the errors were over-estimated or that the errors cancelled 
each other. 

The average Ka was 1.00, based on six readings. However, A \ 
values based on readings taken later in the test were lower than 
those based on earlier readings. 
all gages, so the effect was not just local. 


This was true of readings from 
Apparently plastic 
flow, creep, or a combination of both, was occurring in the strain- 
gage cement bond, in the bond between the cadmium plating and 
the steel spring, or in the plating itself. The possibility of flow 

However, in the third 
material this was entirely possible, since a 2611-microin./in 


in the first two instances was improbable. 


compressive strain, which was well above the 1200-microin. /in 
yield strain of cadmium, had already been reached at the surface 
when the first reading was taken. Furthermore, Andrade and 
Jolliffe [10] reported that cadmium exhibited large transient 
creep in shear at room temperature. Thus the Aa value corre- 
This 
was 1.03, which was still far below the 1.19 theoretical value cal- 
Due to lack of information on 
the stress-strain relation of cadmium in the plastic range and also 


sponding to the first reading was probably the most valid. 
culated by use of Equation (17). 


on account of the fact that the time at which the various reading- 
had been taken was not observed, it was not possible to caleulate 
Nevertheless, 
on account of the very good agreement between the respective 
experimental and theoretical Y, and A4/Kx values, it is believed 
that the flow of the cadmium plating was the principal source of 


the effect of plastic flow of the cadmium plating. 


experimental error. 

Fig. 7 shows the difference between the theoretical values by 
Equation (17) and experimental Aa values, expressed as a pet 
cent of the theoretical value, for tests conducted by Wahl, 
Ferris [13], Thurston [14], and the present investigator. [1 


Sources of variation between experimental and theoretical values 


Per cent 
effect on 


Source Up Ky 
errors in Measurement of Shear Strain: 
Finite gage length (0.25 in. ) 0 —1.0 —0.6 
Transverse sensitivity (—0.01 in tension) 0 


l 
) 
3. Effect of gage stiffness 
4 


0 
(Negligible due to high @ of steel) 


Angular misalignment (0 to +2° in each 


gauge) 0 Oto Oto --0.1 
5 Positional misalignment (0 to £0.08 in.) 0 Oto +0.9 Oto —0.1 
6 Miscellaneous gage error“ 0 to +4.0 Oto +2.8 
Errors in Determination of Spring Dimensions: 
7 Error in d. (0 to 0.001 in.) Oto 0 Oto £0.5 
8 Error in d; (0 to 0.001 in. ) Oto +1.4 0 Oto 1.4 
9 Error in D (0 to +0.002 in.) Oto 175 0 0 to £0.05 
10 Cross-sectional eccentricity (0 to —0.003 
in. )? 0 Oto —1.5 Uto —0.7 
11 Error in piteh (0 to +£0.08 in.) Oto £0.5 0 0 
12. Error in N Oto +1.0 0 0 
Adverse Spring-Material and Plating-Material 
kiffeets: 
13 Error in G4 0 to 5.0 0 Oto +5.0 
14 Error in »v (0 to —40 per cent) (affects 
value of item 2) 0 0 Oto £1.0 


Direct effect of residual stress 


16 Alteration of surface properties due to 


peening 
17 Local inclusions 


18 Stress relaxation due to creep in plating 


Load and Deflection Measurement [rrors: 
19 Error in P (+25 |b) 
20 Error in F (+0.02 in.) 
Maximum total error (algebraic sum ) 
Probable error (rms value) 


(O due to use of differential values) 


(Not possible to calculate ) 
(Negligible due to finite gage length) 
0 Small Large 


0 to £3.0 0 Oto £3.0 

Oto £0.6 0 0 
+10.7 —7.5 —12.6+ 
3:2 + 3.4+ 


* Based on a +2.0 per cent error specified by the gage manufacturer for each individual gage. 
> Calculated by using equations derived by Wilson [11]. 


© Affects theoretical values only. 


straight-tube sample of the spring material. 
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All other errors affect experimental values only. 
4 According to results of various tests reported by Wahl [12]. 


It was impossible to obtain a 
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MATERIAL SOURCE 


tee) Wahi, 1929 


Ferris, 1942 
same Same 
Carbon steel Thurston, 1951 
Sarne Same 


same Same 


steel Saine 


same Same 


i-Mn stee Same 


ame ame 


Cr-Ni-Mo steel Present investigator 


A 


THEORETICAL Ka 


THEORETICAL Ky —MEASURED K 


SPRING INDEX C 


2 
ve 

° 


Fig. 7 Differences between theoretical and experimental maximum 
shear-stress factors of helical springs as found by various investigators 


hould be noted that in every case except one, the experimental 


AA Was lower than the theoretical one The effects of presetting 


nd shotpeening on increasing this difference are apparent. 


These values are plotted versus C to show the interesting effeet 


1 on per cent difference in the results obtained by Ferris. 


re | itionship mav be misle iding, however, since the section 


liameters of the springs tested by Ferris are not known and the 
vell-known size effect, which depends on stress gradient and the 


naterial, may be the actual eausal factor. Compared with the 
esults obtained by Thurston on preset, shotpeened springs, the 
esults of the present test appear to be reasonable. It is recom- 
nended that in future tests of hollow springs those having rela- 
thin walls 
shotpeened, or plated, be used in order to minimize extraneous 


effects and to exaggerate effeets of Band C, 


tively ind low index and which have not been preset, 


\n average compressive bending strain at A equal to 7.5 per 
ent of the average shear strain at the same point was observed. 
Assuming that there was no tensile or compressive strain at A 
normal to the tubing axis and using the Mohr strain cirele, this 
The re- 
sulting combined shear strain, and thus the combined shear stress, 
vas 1.0 than the This 
compared favorably with a theoretical increase of 0.8 per cent 


bending strain was combined with the shear strain. 


per cent greater uncombined value. 


produced by the ',. p? faetor of Equation (19). 

An effective load eecentricity as high as 0.12722 was calculated 
from shear and bending strains from the three point-A gage sets 
by using equations developed by Thomas [15]. Thus in design- 
ing long Compression springs, such as the one tested, the factor 
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of safety should be increased at least 0.13 to provide for the in- 
creased stresses at one point around the perimeter of the coil. 


Conclusions 


1 For all practical values of spring index, the effect of the hole 
in a helical spring of hollow circular cross section is to increase 
the shear-stress and deflection factors only slightly as compared 
with the corresponding values for a solid-circular-section spring 
of the same index. Therefore the saving in weight of a hollow 
spring due to its larger polar moment of inertia per pound of 
spring weight, compared with a solid spring, can be utilized to 
great advantage in applications where weight saving is impor- 
tant. 

2. The list of design equations included at the end of the paper 
may be used to caleulate the deflection and maximum combined 
shear stress for hollow springs with considerable accuracy. 

3 The design equations have been checked experimentally 
and found to be correct within the limits of accuracy of such ex- 
perimental determinations. 


List of Design Equations 


The maximum combined shear stress produced by an axial 


load /, ineluding effects of load eccentricity and helix angle, is 


KmaxPDd, load eccentricity 
— d;! 


where 


This value may be obtained by adding the value of p? to the 
value of Aa in the solid-line curves of Fig. 3. 


The total axial spring deflection produced by the same load is 


8Y,PDIN 
G(d,t — 


where 


16C? 


This may be obtained by adding the last term to Y, values given 


in Fig. 5. 
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DISCUSSION 


Aircraft Engineering, 


W. B. Diboll, Jr.* 


The author has done an excellent job of extending Mr. Wahl’s 
strength-of-materials analysis of a solid spring and of Mr. 
Goehner’s theory-of-elasticity analysis for « solid spring to that 
of a spring of hollow cross section. To be commended espe- 
cially is the carrying of his analysis to a fourth approximation 
in the theory-of-elasticity approach. 

In both plots of the maximum-shear-stress factor Aa, Fig. 3.and 
Fig. 6, there is a large difference between the strength-of-materials 
theory and the elasticity theory, and it would be most helpful if 
the experimental results could have verified either one or the other. 

It is unfortunate that the manufacture of the experimental 
spring did not match the assumptions made in the theoretical 
analysis. Perhaps in the future, springs without cadmium plating 
and without shotpeening could be tested, which would bring us 
in line with the analysis made. It would indeed be worth while 
to cover a larger range of spring sizes which would allow a little 
more information concerning the deflection factor YW, as shown in 
Fig. 5. For the particular spring under test which had a bore 
ratio of 0.496, and a spring index of 7.105, the curve of W,, versus 
bore ratio B is so flat that an appreciable change of bore ratio B 
would not affect the faetor Y, appreciably. In conjunction with 
this, it is extremely interesting to note that the bore ratio B 
has very little effect on the maximum-shear-stress factor A 4, as 
shown In Fig. 3. 

It would be interesting to see some charts or figures-on the 
actual weight savings that result from using hollow springs. This 
would involve particular examples as far as size of spring is con- 
cerned and the stress loading is concerned, and it ..cuid be most 
interesting to see this plotted in order to get an idea of exactly 
how much weight might be saved by using hollow springs. 
Since the stress measured was so much below the theoretic:| 
stresses expected, it would hardly be worth while for the par- 
ticular spring involved to calculate the weight saving although it 
could be done on a completely theoretical basis. 

Lecturer, Mechanical 
University, St. Louis, Mo. 


Engineering Department, Washington 
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In general, the saving of weight in a spring, by any means, is 
certainly worth while. The author has done an excellent job of 
presenting the theoretical approach to this, and it is hoped we 
will see many more applications in this particular line. Another 
method of increasing the load capacity of springs is by stressing 
them beyond the yield point before installation. Some very 
conclusive analytical and experimental work has been done along 
this line by Mr. Thomas Atterbury, formerly of Washington 
University, now at Battelle Institute. Either of these methods 
is certainly worth while considering for any installation where 
weight is a serious factor. 


Author’s Closure 


The author wishes to thank Professor Diboll for his worth- 
while comments and will attempt to reply to them in the space 
available. 

The difficulty due to the cadmium plating on the spring un- 
fortunately did not permit checking of the absolute values of the 
shear-stress factors Ay and Ay. However, since the same 
phenomenon oecurred both at point A and at point B, it is be- 
lieved that the value obtained experimentally for the ratio Ay Np 
is valid. 

The average experimental value of Ay/Ay was 1.392, from the 
raw data. In Table | the only constant or bias errors on the 
K4/Ky value were those due to finite gage length (— 1 per cent) 
and cross-sectional eccentricity (an estimated average value of 

0.7 per cent). However, since writing the paper the author 
has discovered one other source of bias error: Cross-sectional 
out-of-roundness, which aeeounts for + 1.7 per cent, estimated 
from the analysis of a solid spring of elliptical cross section by 
Biezeno and Grammel [16]. Since the sum of the bias errors is 
zero, no correction need be made to the raw value of 1.592 

As calculated by the streng h-of-materials equations, the 
Kx/Ky value for the particular spring geometry tested is 1.600, 
which is 14.9 per cent higher than the experimental value. Ac- 
cording to the elasticity-theory solution, including the effect of 
pitch, the ratio is 1.415, which is only 1.7 per eent higher than 
the measured value. Thus it is apparent that the experimental 
results quite definitely verified the elasticity-theory solution. 

The author heartily agrees with the writer that it would be 
very worth while to test a larger range of spring sizes, using 
springs which are not electroplated and not shotpeened. How- 
ever, the spring tested by the author was the only one whieh was 
then available. It had been manufactured on an experimental 
basis for simulated service tests under rather severe fluctuating- 
load conditions. Therefore it had been subjected to the usual 
treatments which are beneficial to fatigue life. Unfortunately, 
these treatments were very detrimental to experimental stress 
measurements, 

Information on the actual weight saving which ean result from 
the use of hollow springs was omitted for brevity. However, it 
may be mentioned that the spring used in the experimental work 
and described in the paper was designed to replace a nest of two 
conventional helical compression Springs ol solid round wire, 
The space occupied by the two different installations was identi- 
eal. The outer spring in the nest had a mean coil diameter and 
wire diameter of 4.15 inches and 0.500 inch, respectively; the 
inner, 8.10 inches and 0.875 inch. The performance data for 
the two installations are: 


Max total 
operating 
load, pounds 
1576 
1700 


Total weight, 
pounds 


Max operating 
stress, psi 
109,000 
120,000 


Installation 
Two solid springs 
One hollow spring 7 50 


Thus, in this particular instance, use of a hollow spring in place of 


two solid springs resulted in a weight saving of 36 per cent. 
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(However, the designs were not exactly comparable since the 
maximum operating load in the hollow spring was 7.9 per cent 
greater and its stress level 10.1 per cent higher than in the solid 
spring If the space requirements had been such thet a larger- 
size, yet thinner-walled, hollow spring could have been nsed, the 
weight saving would have been considerably more. In fact, it 
appears to be inherent that hollow springs save weight, but not 
space, in comparison to solid springs. 

Another way of comparing spring designs is on the basis of 
energy-storage capacity per unit weight 
the ratio of U7 


It can be shown that 
for a single hollow spring to that for a single solid 
spring of the same material and stressed to the same maximum 


stress Is given by: 
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Using Equation (21) and the appropriate values of the stress 
multiplication factors, the potential increase in energy-storage 
capacity of a thin-walled spring, as compared to a solid spring, 
approaches 95 per cent for a spring having an index as low as 3. 

The author is familiar with Mr. Atterbury’s research on the 
effect of presetting and is looking forward to its publication in the 
literature. 
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requirement. 


Introduction 


ae PROCEDURE in spring design is to assume 
an allowable stress that is based on the material, severity of 
loading, and estimated wire size; assume a reasonable spring 
If the wire size 
does not fall in the assumed range, a new allowable stress is 
assumed and the spring recalculated. If it is necessary that the 
spring have minimum volume, minimum weight, minimum 
length, a specified inside diameter, or specified outside diameter, 
various values of spring index are assumed until the desired result 
is obtained. The purpose of this paper is to eliminate the trial 
and error procedure of this last step. 


index, then determine the size of the spring. 


Equations are derived 
for the determination of the correct spring index for the five 
conditions listed. Since these equations are long, curves have 
heen plotted to facilitate the selection of the spring index. 

The torsional strain energy in a cubic inch of material, in the 
form of a solid cireular rod, is 

(1) 
4G 

When the required strain energy and allowable shear stress for 
a helical spring are known, Equation (1) can be used to determine 
the absolute minimum volume of material, and hence the weight 
that is required. This minimum weight can never be obtained in 
a coil spring because of the wire curvature and direct shear, which 
are accounted for in design by the Wahl factor and the number of 
inactive end coils. A spring with a large index C will not be ap- 
preciably affected by the Wahl factor but the per cent of weight in 
the end coils may be large. In the following development, the 
effects of end coils and Wahl factor are related and then mini- 
mized. 


Contributed by the Machine Design Division and presented at 
the Semi-Annual Meeting, Detroit, Mich., June 15-19, 1958, of THe 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, Sep- 
tember 3, 1957. Paper No. 58—-SA-9. 


Nomenclature 


Design of Helical Springs for Minimuni 
Weight, Volume, and Length 


In the design of helical springs where the load, deflection, allowable stress, and material 
are specified, there are an infinite number of solutions. 
graphs are presented for the selection of a spring index that will result in a spring of 
minimum weight, volume, or length. 
or outside diameter of the spring is fixed, there is only one solution. 
graphs are included for the selection of the spring index which will satisfy this additional 


In this paper, equations and 


Tf, an addition to these requirements, the inside 
Equations and 


Minimum Weight 


The weight of a spring is 


mil? 
W = p(n + QirbD (2) 


This can be written in the form 


4W 


= + (3) 


The design equations for stress and deflection are 


SKPC SKPC\' 
T= or d= (4) 
mil? 
8PC8%n 6Gd 
= or n= (5) 
Gd 8PC3 


Substituting Hquations (4) and (5) into Equation (3) and ¢lear- 
ing the right-hand side of all terms (symbols) except the variables 
AK and € gives 


W = BK? + (6) 
V pQ \S! 


Equation (6) is differentiated with respect to C, giving 


4 dW _ dk 
= 2BK — 
Vr pl SI 


CAR dk 5 
2 
dW. 
C is set equal to zero and the equation is solved for B 
dk 
ae + SA 
dC 
I= (8) 
} dk 
dc 


= spring index, D/d 


flection to solid length and = the 


= density of spring wire material (for 


d= wire diameter, in. maximum working deflection ) steel, 0.284 Ib per cu in.) 
DD = mean coil diameter, in. G = torsional modulus of elasticity, psi 7 = maximum allowable shear stress, psi 
DD, = inside coil diameter, in. K = Wahl factor (’ = strain energy, in lb per eu in 
D, = outside coil diameter, in. L = length of spring, in. = volume oeeuped by spring, ¢u in 
6 = deflection corresponding to load P, : 
in n = number of active coils W = weight of spring, Ib 
Jearance equals = maximum spring load, Ib 6G 
A =64 ck aranee, in, (clearance equals 6 = — a design constant 
the difference between the de- = number of inactive coils (end coils) 
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The Wahl factor [1]! is Substitution of Equations (9) and (10) into Equation (18) gives 


1/ 
™ 2 \C? + 0.3650 — 0.615 
C? — 2C + 0.250 ». 
When differentiated this becomes 2C8 + 0.095 (C2? — 3.19 C + 1.845 (19) 


dk 1.365 C? + 1.230 0 — 0.615 (19) The graph of this equation is plotted as “minimum length’ in 


dC (C? — C)? Fig. 1. The term containing A is a constant and becomes zero 
when differentiated, hence a spring with a minimum solid length 
Substituting Mquations (9) and (10) into (8) gives will have a minimum length in working position. 


c3(cs 0.635 C? 0.980 C + 0.615) 7? (5 C® — 7.27 C2 — 1.21 C + 1.23) HW 
B (11) 
, 4(1.365 C* — 0.732 C2 — 0.673 C2 + 0.981 C — 0.378) 


Any spring that satisfies Mquation (11) has minimum weight. Example 1 
The graph for this equation is plotted as “minimum weight” in 


Given the following conditions: 
Vig. | 


P= 
Minimum Volume 6 = O5in. 
G = 12 X 108 psi 
rT = 40,000 psi 


Q=2 
| n+ Q)d — d(C + 1)? (12 


The space req ured for the solid length ofa spring is 


Design springs of minimum weight, volume, and length. The de- 
Substitution of Equations (4) and (5) into Equation (12) gives — sign constant is 


K? G6 (0.5)(12 & 108) 
L (? ) ~1(S)(40)(T) )} 
Differentiating, setting 0. and solving for B give From Fig. 1, the values of C for minimum weight, volume, and 
Uf length are 5.82, 3.8, and 19, respectively. For minimum weight, 
ik (7043 using Equations (4) and (5 
( ( a C 4 96)(75) (5.22) 
d SA PC (8) (1.26) (75) (5.82) |”? 
B 14 d= - = = 0-187 mm. 
2 \4 si. UT (40,000) 


= 9.5 coils 
Substituting Hquations () and (10) into lquation (14) gives SPC3 (8)(75)(5.82)3 oil 


B ( : = : ) The weight, volume, and solid length of this spring are determined 
from Equations (2), (12), and (16). These values are shown in 

7C* — §.54 C? —8.9C + 3.2 z Fig. 2 where the spring is drawn to scale. 
| ( 1.365 C3 + 0.615 C2 — 2.825 C ra - The springs for minimum volume and length are determined in 


a similar manner. These springs are also shown in Fig. 2. In 
The positive branch of this curve which is asymptotic to the line — order to make a more exact comparison of the three springs, the 
C = 4.39 is plotted as “minimum volume” in Fig. 1. The negative — yalues were not rounded out as would be done in practice. 

For this example, the increase in weight, volume, and length for 
different values of C are shown in Fig. 3. The ordinate is the 


ratio of the actual value to the optimum. The weight and volume 


branch for larger values of C has no physical meaning. 


Minimum Length 


The free length of a spring is curves interseet at C = 4.75. If this value is used in the design of 
” = the spring, the weight and volume will both be 5 per cent above * 
L=(n+Qd+A (16) the optimums. 


Substituting Mquations (4) and (5) into Mquation (16) gives 


wr L amr \/? A = 3 
) b + t = 
8P Q SP Q == 


Differentiating, setting 0, solving for B give 


dk 
K + | 


Fig. 2 Springs designed for minimum volume, weight, and length, 


1 Numbers in brackets designate References at end of paper. using the data from Example 1 
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C- SPRING INDEX 


Fig. 1 Design curves for the selection of the spring index for a spring of minimum weight, volume, length, or for a 
spring with specified outside or inside diameter 
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SPRUNG INDEX 


Fig. 3. The upper set of curves is for the data of Example 2 and the 
lower set is for Example 1. The points of tangency of the curves are for 
the optimums of the examples. The curves show, in general, and exactly 
for these examples, how the volume, weight, and length change when 
values different from the optimum spring index are used. 


Example 2 


Given the following: 


ad Ib T 50,000 psi 
6 =2 
G 12 psi 


The design constant Is 


6G (5)(12 108 


= 3780 


From Fig. 1, the values of C for minimum weight and volume 
are LL2 and 4.3, respectively. For minimum weight, d = 0.179 

19.15, giving a spring with D, = 2.18 in. and L = 
For minimum volume, d = 0.122 in. andn = 231, giving 
0.647 and L 28.4 in. The change in 
weight and volume for different values of C are shown in Fig. 3. 


in. and n 
3.78 in 
a spring with Do = 


These examples show that a spring designed for minimum 


volume or length may not be practical. If the spring is not prac- 
tical, a designer, with the aid of Figs. 1 and 3, would be able to 
make a compromise and select a spring Index which gives a spring 
of practical proportions, and also nearly fulfills the requirement of 
minimum volume or length. 

In other cases it is specified that the spring fit over a rod or ina 
hole which requires that the spring be made with a given inside or 
outside diameter If, in addition to ?, 6, G, and 7, a diameter is 


specified, there is only one solution. 


minimized for volume, weight, or length 


The spring cannot be 


Outside Diameter Specified 


When D, is fixed, the corresponding value of C can be deter- 


mined as follows 
(C= 
TT 


Substituting Equation (9) into Equation (20) and squaring both 
sides gives 


D,=D+d=d(C +1) = (20) 


C4 + 2.36505 + 1.115 C2? — 0.867 C — 0.615 


(21) 
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The graph of this equation is plotted as D, in Fig. 1. 
Inside Diameter Specified 


8PKC\? 
D; = D-—d=d(C -—1) = — (C — 1) (22) 
TT 


Substituting Equation (9) into Equation (22) and squaring both 


sides gives 
mr \ 
8P 


The graph for this equation is plotted as D, in Fig. 1. 


Example 3 


The conditions given in Example | are to apply and, in addi- 
tion, the outside diameter of the spring is to be 3 in. 


(40,000) 
D2 = (3)2 = 
8P (8) (75) 


From Fig. 1, the corresponding value of C is 11.2. 


SKPC\'? (8) (1.127) (75) (11.2) 
d= - = 0.246 in. 
aT. (1) (40,000) 


This can be checked 


C3 — 0.635 C? — 0.98 C + 0.615 (23) 


ISS5 


D, = d(C + 1) = (0.246) (11.2 + 1) = 3 in. 

In some applications an intermediate load is specified and the 
maximum load is arbitrary. Spotts [2] has shown that for this 
problem with an assumed value of C, a spring with minimum 
weight is obtained when the maximum load is made two times as 
large as the intermediate load. For this type of problem, the 
maximum load can be determined in this manner before selecting 
a value of C from Fig. 1. 


Conclusion 


The use of these curves to select a value for the spring index 
does not interfere with the usual procedure in spring design. All 
of the information that is needed for the selection is shown in Fig. 
1. In these curves the full value of the Wahl factor was used. 

Wahl [3] has considered the design of springs for minimum 
volume. He simplified the work by neglecting end coils which 
made it possible to investigate nests of springs. The results pre- 
sented here agree closely with his work for a single spring. The 
reason for this can be seen from Fig. 2. A spring designed for 
minimum volume has a large number of active coils; 
effect of end coils is not great. 


hence the 
This is not true when a spring Is 
designed for minimum weight or length. 
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DISCUSSION 
E. S. Ault? 


This paper is an excellent application of a procedure that always 
delights me 


the combining and gathering together of interre- 


2 Professor of Machine Design, Purdue University, Lafayette, Ind. 
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lated variables into such a form that a relatively direct solution 
of a problem with many unknowns is possible. 

The authors have accomplished this most successfully and 
have provided charts of design constants that facilitate their 
method. The paper is a welcome addition to the literature. 


C. W. Bert® 


The authors are to be commended for developing a very useful 
method for the optimum design of helical compression springs. 
Their method facilitates rapid design because they have: suc- 
ceeded in grouping all of the fixed requirements into a single 
design constant, B. 

It is the practice of some spring-design engineers to apply the 
full Wahl stress-concentration factor to only the variable-stress 
component in springs subject to fluctuating loads. For static 
loading, they sometimes use a reduced stress factor which takes 
into account only the contribution of direct shear in increasing 
the stresses in a spring and which neglects the effect of coil curva- 
ture. Although this practice may not be justified theoretically, 
it is the common belief that its use has been verified experi- 
mentally. Those who prefer to use reduced stress factors can 
use the same general method as outlined in the paper to arrive 
If this is 
done, it will be found that the curves will be moved to the left. 

As the authors state, they derive their expressions for the design 
problem in which the maximum load and maximum deflection 
are specified. The comments in this paragraph are intended to 
supplement their work in reference to its application to the 


at another set of curves analogous to those in Fig. 1. 


design problem in which an intermediate working load P, is 
specified and the maximum working load P2 is arbitrary. In 
applying their results to this problem, the authors referred to 
the work of Spotts (reference [2] in the paper), where it was 
shown that a spring having minimum weight is obtained when 
P./P, is equal to 2. However, Spotts neglected the effect of 

Account of the end-coil effect on the 
load ratio P2/P; for minimum weight was made by Jennings.‘ 


the inactive end coils. 
Using the notation of this paper, his expression was 


= 2(3Q)/(2n + 3Q) (24) 
The load ratio approaches a value of 2 only when the number of 
active coils is excessively large. According to Jennings, Equation 
(24) also gives a spring which oceupies a minimum volume of 
space, assuming that the minimum clearance between coils is 
proportional to the solid height of the spring. 
It is interesting to note a basie difference between the optimum 
Jennings arrived 
at an optimum design for the problem he considered without 


analysis by Jennings and that by the authors. 


taking into account the Wahl factor, while in the analysis by 
Hinkle and Morse the Wahl factor and its variation with spring 
index are necessary to achieve an optimum. 

Another factor of importance in helical spring design is the 
well-known 


decrease in allowable stress with 


for 


increase in wire 
that the 
allowable torsional stress is inversely proportional to the wire 


diameter most materials.  Faires® has observed 


diameter raised to an exponential power. For the usual spring 
materials, this exponent varies from 0.125 to 0.22. When the 
exponent is 0.22, the size effect is of equal importance to that 
of the Wahl factor. It has been shown by the writer® that the 

§ Principal Mechanical Engineer, Applied Mechanics Division, 
Battelle Memorial Institute, Columbus, Ohio. Assoe. Mem. ASME. 

4J. Jennings, “Springs of Minimum Weight,’’ VWachinery, vol. 52, 
1988, pp. 707-709. 

5 V. M. Faires, ‘‘Design of Machine Elements,’? The Macmillan 
Company, New York, N. Y., third edition, 1955, pp. 173-174. 

6C.W. Bert, ‘Analysis and Optimum Design of Helical Compres- 
sion Springs,’’ unpublished MS The Pennsylvania State 
University, 1956, pp. 68-69. 
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Wahl factor is inversely proportional to the spring index raised 
to the 0.22 power, within an accuracy of about 3 per cent over 
the range of spring indexes from 4 to 10, 

Of course, a trial-and-error method in which a trial wire size and 
corresponding allowable stress are selected can always be used. 
However, to save design time, it would be desirable to develop 
design charts in which the effect of wire diameter on allowable 
stress is incorporated. 

In many design situations, the final design chosen must neces- 
sarily be a compromise among a number of choices, each of which 
is an “optimum” for one particular characteristic only. Some 


characteristics in addition to these considered in the paper 


include: 
1 Minimum spring cost. Obviously this is) particularly 
important in high-production applications. 
2 Resistance to buckling. This is of importance only for 
unguided helical compression springs. 
3 Natural frequeney. 


applications. 


This is often of importance in dynamic 


4 Ejection velocity or energy-release rate. 
5 Maximum spring life under fluetuating load or fluctuating 
elevated temperatures, 


It would be quite worth while to develop a universal spring- 


design chart or series of charts in terms of nondimensional 
parameters which would show the effect of considering each of 


the foregoing criteria. 


P. H. Black’ 


In the field of mechanical design there is a large number of 
comparatively simple elements, such as springs, the design of 
which has been too much of a trial-and-error procedure. In con- 
trast, considerable work has been done and progress made in 
the analysis and design procedure in more complicated areas 
such as lubrication and bearing design, and in metal cutting. 
The authors deserve special commendation for this contribution 
to the rationalization of the design of the helical spring, a neg- 
lected element. 

One point that occurs to the writer is that the authors might 
well include a discussion of the effeet of pitch of the coils on the 
length of the spring; for instance, that a specified clearance 
between coils at the maximum-load condition, (A — 6)/n, would 
have a marked increase in the length of a spring of minimum 
volume, medium increase for minimum weight, and least for 
minimum length. It might be well also to use subseripts for 
spring length 1 to aveid confusion, for instance, between L in 
Equation (16) which stands for the free length, and Z in Fig. 2 


Which is the compressed-solid length. 


G. H. Howell® 


The authors have indicated that a spring designed for mini- 


mum volume or length may not be practical. This is not to 
say that there is no practical value to the determination ot 
these extremes because these do provide a pair of limiting con- 
ditions which as a general rule we would not even want to 
approach. 

The minimum-volume extreme will tend toward a spring which 
will buckle while the minimum length will give an inordinately 
high spring index. Note also, in Example 1, the large number 
of active coils in the first as compared to the low number in the 
second. This, of course, leads to the interesting conclusion that 


in the minimum-volume spring each coil deflects only O.O17 in 


7 Chairman, Department of Mechanical Engineering, Ohio Uni 
versity, Athens, Ohio. Mem. ASME. 
§ Professor, Mechanical and Industrial Engineering Department, 
Wayne State University, Detroit, Mich. Mem. ASME. 
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while in the minimum-length spring the deflection per coil is 

The minimum-weight spring presents some even more interest- 
ing aspects. The authors have indicated that the torsional 
strain energy in a cubic inch of material in the form of a eireular 
rod is 


1G 


Sused on the conditions of Example 1 where the stress is 40,000 
psi, this becomes 


4? 103 
33 in-lb/in.3 
which defines the absolute minimum volume of material for a 
given load-defleetion combination. In the example given the 
encrgy input ts 
io 
18.79 in-lb 


9 


Thus, the theoretical minimum volume of material is 


18.75 


eo 


Note how this figure compares with the actual volume contained 
in the three springs calculated: 


Minimum volume, 1.23 cu in. (218 per cent 
0.284 
0.3 
Minimum weight, 1.09 cu in. (193 per cent) 
O.2S84 
0.99 
Minimum length, = 3.50 cu in. (620 per cent) 
0.284 


These figures indieate the truth of the authors’ statement that 
the minimum theoretical weight ean never be obtained. How- 
ever, it) would appear that the reasons are not fully enough 
\ plained 

Going back to the original equation for torsional strain energy 
(or resilience) and for purposes which will be evident later using 
total strain energy of the active coils, the equation becomes 


This equation is predicated on all of the energy being “returnable” 
as the wire is “unwound” when the torque producing force is 
removed and becomes an absolute maximum when 7’ Is equal to 
the yield peint stress, 

When we relate this equation to a cireular rod wound in the 
form of a helical spring, two extraneous factors enter the deter- 
mination of the maximum fiber stress, the first is stress due to 
the wire curvature and the second is the direet shear. Both 
are ineluded in the maximum shear stress existent when Wahl’s 
factor is applied but neither develops “returnable”? types of 
energy. The returnable energy is determined by the stress S,/k 
and the equation takes the form 


4Gk?* 


This equation also can be developed from the basie stress, load, 
and deflection formulas for springs including the Wahl factor, 


42 | FEBRUARY 1959 


Now if we substitute for V,, the total spring volume, V, 
divided by z, the ratio of total volume to active volume, the 
equation becomes 
4Gk2x 


From this equation and for given conditions of Example 1, it 
then becomes possible to compute the expected actual volume as 
a percentage of the theoretical volume. The tabulation indicates 
the values of k, k?, and z for the example given: 


Minimum Minimum Minimum 
volume weight length 
k 1.429 1.262 1.075 
k? 2.042 1.598 1.156 
1.07 5.4 


From these figures, by using V, = k?xV, and comparing to the 
actual volumes determined from the results of the example given, 
we can determine the relative accuracy of the theories evolved: 


Minimum volume, 2.042 X 1.07 = 218 per cent 
Minimum weight, 1.593 & 1.21 = 193 per cent 
Minimum length, 1.56 X 5.4 = 620 per cent 

The accuracy noted leads us to say again that while the springs 
are not practical, per se, the theories can have a very practical 
application. Added to this, the development of the single- 
solution curves for a given ID or OD ean be of invaluable assist- 
ance to the designer. 


Authors’ Closure 


Professors Ault and Black, both being Machine Design teach- 
ers, are fully aware of the shock that many students receive 
when they move from Strength of Materials to Machine Design 
where the problems are not presented so that there is a single, 
simple solution, but are met head on. They therefore welcome 
any contribution that eases their burden. 

The use of a reduced Wahl factor for statically loaded springs 
may result from the time-honored custom of neglecting stress 
concentration in a statically loaded member, but including all 
stresses that can be determined from equations giving nominal 
stress. In many applications this is correct. When the dis- 
tribution of the stresses in a spring is examined it will be seen 
that those due to curvature and direct shear have the same effect 
on, the stress due to torsion, ie., their detrimental effect is 
significant in the same small region on the inside of the coil. 
Hence, we believe that, if there is justification for neglecting one, 
there is also justification for neglecting the other. However, 
or Mr. Bert suggests, curves can be made for all types of stress 
factors. 

Jenning’s paper was not available to us. We appreciate Mr 
Bert’s inclusion of equation (24). 

In this paper we assumed zero clearance at the maximum load 
condition. In practice a small clearance would be required. 
If a large clearance is necessary, the derivation of new equations 
would be required as suggested by Professor Black. 

Professor Howell has discussed some of the aspects more 
fully. His equations and examples should help the reader to 
obtain a deeper insight into the physical coneepts of the problem. 

We wish to thank the discussers for their interest and their 


contributions. Because of time, we confined ourselves to the 
problems presented here. We hope that this paper, and the 
discussions, will encourage others to continue the work in optimum 
design. Mr. Bert has listed five problems that could be investi- 
gated, 
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Stress and Strain in Spinning 
v.s.conen Paraboloid Dishes 


Leaturer, Northampton College of 

Advanced Technology, London, England The following is an investigation to determine completely the state of stress and strain 
in spinning paraboloid dishes beth whole and holed at the center. The material of the 
dish ts homogeneous and its thickness ts constant. The results comprise expressions for 
the radial, hoop, and shear stresses, the bending moments, and deformation induced by 
the spinning of the dish in terms of the angular distance from the center of the dish 
Tables at the end of the paper make the actual evaluation of these stresses, moments, and 
deformations a matter of simple arithmetic. 


Introduction Assumption (b) will lead to some of the boundary conditions 
remaining ideally unfulfilled; it will, however, be found that 
practically the errors involved at the rim are small; e.g., about 
one per cent of the maximum radial stress occurring in the dish 


= INVESTIGATION DESCRIBED in the paper affords 
a ready means of determining the stresses and strains induced in 
paraboloid dishes spinning with angular velocity Q. The 
problem is of some interest for example in such systems where 
the spinning paraboloid mirror is also used as the inertial rotor 
unit in a gyroscopic arrangement. In such a case it is important 
ideally that the mirror be truly paraboloid in its deformed state Equations of Stress Equilibrium. HF romia resolution of forces along 
and hence slightly off the parabolic shape when at rest. The — the radius OB 
amount of the deviation from the parabolie generator, is, of 


for the radial stress at the rim which of course should be zero. 

Making use of the geometry of Fig. 1, and with the foregoing 
provisos accepted, the statement of the problem in mathematical 
form follows. 


course, a function of the stresses induced in the dish by its rota- do) — pO = (f — pQ?R202)6 (8, small) a 
tional motion. Both the stresses and resultant strains can be de- do : 
nora to very good approximations using relatively simple Fioen a resolution of forces along the tangent to the dish normal 
theory 
to OB 
p6) 
Statement of Problem + =f — (0, small) i 
( 


teferring to Fig. 2, and the element of the spinning dish 


shown, it is required to determine the radial stress p, the hoop — Stress-Strain Relations 


stress f, and the shear stress s, distributions as functions of 4, sub- 


ject to specified boundary conditions at rim and hub. eee P — 
Two main assumptions are made: 
(a) The paraboloid is considered shallow enough to justify an en Te iv 
approximation to a spherical cap. 


(bh) No distinetion is made between the dimensions of the ele- 


patibility of Strains 


ment in the deformed and undeformed states, in the derivation of 2 
the equation of compatibility of strains. 
” 
\ssumption (a) will lead to some small error in the quantitative 


use of the results; this error will be considered aeceptable for Shear-Bending Moment Relation 
‘or or i 
mirror ape — of up to 60 deg. Med) 
Contributed by the Machine Design Division and presented at dg My sORh ” 
the Semi-Annual Meeting, Detroit, Mich., June 15-19, 1958, of THe 
AMERICAN SocreTy oF MECHANICAL ENGINEERS. 
Note: Statements and opinions advanced in papers are to be 


Bending Moment-Normal Deflection Relations 


Nomenclature 
, €g = radial strain O = center of spherical cap, at twice deformed state 
€) = tangential strain the foeal distance of the para- . shear stress tangential to the sides 
E = Young’s modulus holoid dish from apex P of the of the element 
f = hoop stress dish go = Poisson’s ratio 
@ = tangential circular measure in p = radial stress or pressure a angular semiaperture of dish 
polar co-ordinates P = apex of dish ay angular semiaperture at outer rim 
Mg = bending moment across faces of an r = radial distanee of point on dish of holed dish 
element normal to a radius from apex P Qs angular semiaperture at Inner rim 
WM, = bending moment across faces of an ry = inner radius of holed dish of holed dish 
element normal toa tangent r, = outer radius of holed dish A = deflection of dish normal to its un- 
h = uniform thickness of dish R = radius of spherical cap on the un- deformed surface 
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Kquations (i) to (viii) are eight differential equations in the eight 
unknowns: s, p, f, Me, Mg, €, €g, A, to be solved subject to 
the boundary conditions (ix) or (x). 


Solution to Problem A 


An exact solution to the foregoing system of eight equations, 
4 


subject. to the stipulated boundary conditions, is certainly im- 
possible with the equation of compatibility of strains as given by 
2 (v). This equation represents an approximate relation between 


and obtained by relating radial and circumferential elonga- 
tions evaluated from the strains €g and €y, respectively, by multi- 
plying these strains by the deformed element lengths and inte- 
grating, whereas strictly speaking it is the undeformed tlement 
lengths which should be involved. Also @ is considered small 
enough (@ < 30°) to justify sin 8 ~ @ and cos 6 =~ 1, 

Problem A. Solid paraboloid dish. Boundary conditions (ix). 
A solution for s, the shear stress, of the form 


(1) 


1 


is assumed; dy = 0, to satisfy the second of (ix). Then 


@ 


= 


and, to satisfy the first of (ix) 


Fig. 1 Type-element of a spinning dish (geometry) (I) 
pS The series (2) can now be used in (1) and (ii) to determine p and 
fin terms of 6. Thus 
d(s0) 
= (r+ 
dé 
1 
Substituting this in (1) vields 
P25 = pt+f — pQ?k2@2 
i 
es Also substituting for s@ from (2) in (ii) gives 
d(p0) p@ 
10 2a, + 4 [(r + 3)a,4. — (4) 
« first-order differential equation in p@ which integrated gives 
Fig.2 Type-element of a spinning dish (forces and moments) 1 ; 
po = + 3a,62 
6 
dA ao dQ \ 
1 
Boundary Conditions. ‘Two sets of boundary conditions, cor- 
responding to two distinet problems, will be used: Since p or p@# cannot be infinite at @ = 0, b; = 0, and, performing 
(a) Solid paraboloid dish - 
a, 
s= Mo p 0 at =a | p=a+ a0 4 — 3 Ort! (5) 
s =0 at 0 | i 
fi Substituting for p from (5) in (3) yields f; i.e. 
(bY Paraboloid dish holed at the center: 
a, 


s=p=M,=0 at 0 = a, } + a, + 2a.8 + pQ2R262 (6) 
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Also since p = 0 when 0 = @ 


a, 
a, + aa + — 
(r+ 


As hinted in the foregoing, following the assumptions made, (I) 
and (II) are incompatible since the pair will reduce to two equa- 
tions in one unknown only, namely a, once the a,’s are made fune- 
tions of a, using a recurrence relation between a, and a,4. to be 
derived. Thus either (I) or (II) can be chosen as the binding 
boundary condition and (1) will be chosen as it leads to simpler 
arithmetic, resulting, however, in an error at the boundary for p of 
the order of 1 per cent of the maximum p in the dish and this will 
be considered acceptable. 

Derivation of the Recurrence Relation. It now becomes necessary 
to determine the a,’s in (5) and (6) to make the values of p, f, and 
s determinate; to that end (iii), (iv), and (v) yield in turn, after 
substitution of p and f, from (5) and (6) 


= 
E 


— o)a, + (1 — 20)a8 


and 


o 
+ (1 — + >> 
1 


2(1 — 


«| Ort! — = (1 — o)a, + 


3pQ2R202 


and, generally, 


with r odd and > 3. 
Mquation (10) gives the required recurrence relation between 
ax anda, Alternatively (10) can be written 
+ 0)] ? 


= 
(r+ 3)(r + — 1)?...4 


1 3 - 
a, — = ”) r 2 1, odd 


8 


Determination of a;. Substituting for a;+2 from (11) in (1) yields 
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r—1 
2 
at 
[-(1 + 2 (3 +0) 


ay 


pQtRtar™! = 
and solving for a;, gives 


—(1 
| X (8. + 
+ 1)(r - 


(12) 


r—l 


with r odd, or 


a, = fila, 


with 
f(a) = 


It follows from (10), that 


a= — fila,o) + 1 


3 | 
= 


o 
| 


pike? 


3 
= (a,o) 


+ 


fila,o) 


and 


4 
= 


Ss 


Since a < 0.5, the series for s, f, and p is very rapidly convergent. 
Thus, for s, 
1,49 


Lim Lim 


r—>o [(r + 2)? — I} 


Owing to the rapidity of the convergence it will be considered suf- 
ficient to take only three terms in the three series for s, p, and f. 
Thus f7/fy is of the order of 0.001, and neglecting terms of higher 
order will not involve errors of more than 0.1 per cent. The fune- 
tions fi, fs, and f; are tabulated in Table | for a range of values of 
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= 0 (11) 
0 
x 
2 
14> [-(1 + 0)] 2 a 
+ ite — ... 
j 
4 
r—3 
| Ort! — opQ?R26? (7) = 
(r + 3) =(t ba )] 2 aro} 
€6 = 4(1 — + (2 — + ) (r + 2 — o)arie 
E | T 
) 
(1 + a) 
— | 
(r +3) | 13) 
(1 + o)(r + 2) 
) (r + 2° —r4+2-0)a,4. 4+ a, 
| 
‘ a a; = Jil | 6 
From (9) it follows that a; is still arbitrary, oe | ae 
x —— = 
a, = 0 te) 
(1 +) (3 + 0) generally 
= 
a,=> — ps. 
[-(1 + (i +e). 
= fila +o) +1 
(r + 3)(r 4 
(r + 2)? — 1 x 
& 
0 
: 


a@ando. With the foregoing values of a), a3, and as, the expres- 


sions for s, p, and f become 
(3 + 


a) 
| 


(14) 


f (3 | 

4 

\ 5 4 

Note: The case of the flat disk can be derived as a special case 


of the foregoing by writing r: Ra Lim Then 


Ra. 


(15) 


Moments in and Normal Deflection of Dish. 


Substituting for J/g, 
Vo, 


tid 


in (vi) from (vil), (viii) and (1) yields after some arith- 
metic the following differential equation for A: 
dA d?A dA 
dO 
sh3hgs 
RO end — (16) 
D 
J 0 
kh 
D 
12(1 
Now, from (7) and (1 
v 
1 
] + > — } 
i t 
“a, 
(7 2)(7 3) 
1 — 
eal? = 4 >> (1 r+ 2-0)a-i2 
E \ 
1 
l+o 
Or +3 64 
(r 3 


with r; odd, and 


>. with r odd. 


An examination of the order of the coefficients in the terms on 


the right-hand side of (16) shows that the only term that needs 
to be considered is 


12R(1 — o? 
( 
E h 
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neglecting higher powers of 6. Thus 
dé? dé 


R \? 
) a,04 (16a) 
h 


The solution to (16a) is 


dA 


3R(1 — f R 
(17) 
2E h 


neglecting higher orders of small quantities. 


2 
) a, 68 


The constant A; in (17) is derived from the first of boundary 
conditions (ix). Thus substituting for dA/d@ in (vii) and setting 
Meg = Owhen 6 = a gives 


3R(1 — 
2E 


R 


( h 
h 


after, again, neglecting higher orders of small quantities. 
Finally integrating (17) with respect to 6 gives 


A,@2 ( R 
h 


3R(1 — o?) 
A = Ay + 
2 SE 

The constant Ao is arbitrary in the sense that it represents the 
displacement of the center of the solid disk vertically in the ab- 
sence of constraints. This could be determined by the additional 
consideration that the CG of the deformed dish coincides with 
the CG of the undeformed dish, there being no vertical forces 
acting on the dish. This, however, is not relevant to our problem 


0 (1 + a)A, — 


(3 + 


— oa) 


Aj = 


+ a)a*a, 


a,64 


and it will be assumed without loss of generality that Ag = 0. 
Then 
A 3a,(1 — o2) R \?2 3+¢ 
= 2 -}a?— (19) 
R SE h l+oa 
and Amax occurs at 
62 = a? 
1.e., at 


38+ 
l+o 


Since this is outside the dish rim, the maximum value of A occurs 
at the rim where 8 = a; then 


= - : as (20) 
v Max SE h 
or 
( A 3(5 + — ( (20a) 
R max SE h 


where = Ra. 


Also using (18) in (17) gives for dA/d@ 


dé 


With 
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dA R\? 
- = — 2 
ae h ) [(; + *) a0 | 
E h\?  o 
= —— } hy + — | 
121 — o2)\R | de 6 dO | 


E 2 
Mg = h 
121 — \R 


But 


neglecting 


of small 
quantities 


dA dA | | 
Hence 
og +o 
Mo = Rha, (a? — 62) - 
8 
and 
so + 1 3+ 
My = Rha, E ( 
+0 8 
3 + 
Mo = Rha, — 6?| 
8 
3 3 (21) 
38+ ese 
Mg = Rha, E ( =) 
8 
When 
3 
Rhayo? 
8 
When 
1 — ao) 
and M, = Rhayo? 


4 


The set of equations (14), (19), and (21) completely determines 
the values of the stresses, moments, and normal displacement any- 
where in the dish. The strains, if required, would follow from (7) 
and (8). 


Problem B 


Stress and Strain in a Centrally Holed Paraboloid Dish Spinning: at 
Angular Velocity {?. treatment parallel to that 
adopted for problem A, assume a solution for s, the shear stress, 


of the form 
0 


= qm, defines the aperture, at the dish center, of the hole. 


= a, defines the aperture, at the dish center, of the dish rim. 
To satisfy the second of (x) 


Following «a 


(la) 


a 
a 


(Ia) 
0 
and to satisfy the first of (x) 
a,a.” = 0 (Ib) 
0 


Also (1a) can be used in (i) and (ii) to determine p and f in 
terms of 6. 
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higher orders 


d(s0) 
Thus (r + 1)a,0 


0 


and substituting this for d(s@)/d@ in (i) yields 


> (r+ 1)a,6r-! = 
0 


p+f — (3a) 
Also substituting for s@ in (ii) yields 
d(p0) (p80) 
dé 
or 
d(p@) (4a) 
+- = 2a, 
dé 6 
+ {( r+ — a,\ Or 
0 
Integrating (4a) for p gives 
bo a | a, 
Substituting for p from (5a) and (3a) gives 
f= (r + 1)a,6r-! — >. (a. - Or +1 
0 7) r+3 
by a (R262 
(6a 
i.e. 


and since p = Owhen @# = a, 


a, 
by + + ajay? 4+ ) — ——~ == (ila) 
r+3 


Owhen 0 = a, 


21 a, r+3 


0 


Similarly since p = 
bo + 


0 (1Ib) 


Derivation of Recurrence Relation. Using (ili), (iv), (v) in turn 
yields, after substituting for p and f, from (5a) and (6a), 


a 


l+oa 
+ (1 —r+2o)a42 — 1, | — 


(7a) 
E a(l—o) — 9 


0 


and 
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Mo | 
f 
Vith 
| 
: 
| 
0 r+3 
pQ?h262 
| 
ie 
j 
= 
| 


at the dish rim, where 9 = a and 8 = aa, i.e. 


bo + | a? — > 


3+ 
(1 + ovr + 2) + — : a! — >> | pQ?R? = (IIa) 
| + 8pQ2R262 (9a) 


= 


Henee, a, and bp are still arbitrary, and ay = 0. bo + a1 | a? — > A,ay"*? 
Also, the coefficients of 6 must be zero, yielding : 


(l +a (3 + ‘ + 
()2 p22 ay 4 A,ay’ 3 (22/22 0 (IIb) 


(l+oa). (3 + a) where 
fret = f her 
L Ss Ss 


where ay = 


Also, A; = (8 + 


und 


rodd > 3 (10a) Solving (Ila) and (IIb) for 6) and gives, after some arith- 
} metic, 


Since ay = 0, the coefficients a, with even suffixes are all zero and 


Note that as the dish becomes flatter and tends to a flat disk with 
a hole in the center, 


involves only odd powers of 6. 


l r 
Determination of a, and by. In this problem we shall choose to Rot, 0, and — 0. 
satisfy (Ila) and (11b) rather than (Ia) and (1b). The errors in s ; 
; involved at the dish edges are of the order of 1 per cent of the © Then, 
‘ maximum value of sin the dish. These errors, as explained in the 
foregoing, arise from the nondiscrimination in the values of a, and bo > 0 
aa a, of the dish, in the deformed as distinet from the undeformed 
x ; state. Hence the equations to determine a; and by follow from and 7 
| (Ila) and (IIb). Thus equation (5a) can be rewritten, making (3 +o) r, \2 
use of the results in the previous paragraph, as ( | 


, ~ + o) Thus the case of the flat disk can be derived as a special case of 
a the foregoing, leading to 


_¢ 
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al 
(r+2+oa)[-(1 + 0)] 2 
: 
\ a, \? aie | 
Qe I \* Qa ( (aay ( 
(3 Qe Qe 
ay = (12a) 
4(1 + @) \ A,a.ft! a? Avon’ ™ | 
4 a, \2 a? 
| ( 1 \ 
(1 + 0) A,a2’*! > | 
a, \? a, \? 17 
( ) ( \ 
, QO 
i 
4 + 0) | 
r—1 8 r2 | 
9 | 
(rf + ¢)] OF 0 r2 } 
= = = 15a 
(r + 3)(r + 1)2... 422 r2 + ( ) 


a. 


If r, > 0, 


which shows for the holed dish the familiar doubling of the 
amount of the central hoop stress present ina solid dish, resulting 
trom the removal of the constraint at the center. 

Moments in and Normal Deflection of Dish. The analysis here fol- 
lows an argument similar to that adopted in a previous similar sec- 
tion, and the result (17) is adopted here to avoid unnecessary 
repetition of analysis. Thus the normal deflection A of the dish 
will be given by 


dA By 3R(1 — f R \? 


neglecting second order of small quantities. 

The slope is not zero at either 6 = a, or 86 = a» and hence the 
additional constant of integration B,, which was dropped in (17) 
beeause dA/d@ = 0 at 8 = 0, is inserted. A, and B, are deter- 
mined from the first of boundary condition (x), i.e., from the fact 
that = when 6 = a, and = ay; i.e. 


(1 + o)A,a,.? — (1 — o)B, 


3(1 — a?) R\2 
Ra(3 + = 0 
2E 


2 6). 
Ra, (1S8e) 
(1 a) 


Hquation (17a) can now be integrated with A; and B, now de- 
termined. This done results in 


A = 4 1,02 


l ( R 2 
Aye 
2 SE h 


setting the quite arbitrary constant of integration to zero, as has 


been done on the previous occasion. 


yields 
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( A 
d 
R —3a,(1 — + 


Substituting for B,; and A,, and gathering like terms finally 


A -3 (1 — + a) ( R y f 
= ay 1 


rR 8 ok h 


20a," a, \? ( 
1 - (19a) 


From (19a), by differentiation, 


(1 — 


R\2 

dé ( h ) 
4oa.? ( ay | 4o gst 

(1 + o) 2 (3 4 { 


R —3a,(1 — + ( R ) 


h 


do 
1 + 4 
(1 + a) Qs (Seay 


and the slope at @ = a, and @ = a follows by simple substitution. 
Also 


d? 
R 3a,(1 — o2)(8 + 0) 


and since 


E h \2 dA o da | 
Me = h + , 
12(1 — o?) ? dA A dd 


and neglecting 
3 higher orders 
My, = ( ) h da of small 
12(1 o?) ? dé quantities 


expressions for Mg and AZ, can be obtained explicitly as 


to 


ahh T 2 
2 


a, Rh 


The first of (21a) shows W— = 0 at 0 
The second of (21a) gives the values of MWg at 0 = a,and@ = a». 


a, and 6 a 


In both equations (21a), a; is given by (12a). Mquations (19a) 
and (2la) are given in terms of the angular measure #. Alterna- 
tive forms ean be obtained, where A, Mo, and 37, are expressed 
in terms of the radial distance from the center of the dish thus: 


3a,(1 — 4+ 1 


A= 4 


— 0) R 


4 (r2? + 1?)r? 
(1+ oa) (3 + oa) 
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(3 + n\? | 
f= 8 = pQ?r,2 I + | n 
| (15a) 
1+30\ r? (cont. ) 
T 
Thus at r = p = O and 
(3 + @) l-—o \? 
f= | 1 + — 
| 9 
pQ?r.? 
or 
| 
4 
oa? a, \? 3o 
t 
\ 
(1 + — (1 — o)B, 
i 
3(1 — a7) R \? 
Ra(3 + a0) = 0 | 
Solving (18a) for A; and B, gives 
Me = — 
( a) ) 8 
3(1 — oa?) R \2 an bed 
Ay = Ra 
9 
My 
(18h) 8 
= 
’ 
| 


Table 1 


The functions: f,, f;, f,. 


Whole dish. 


Table 2 The functions: f,, f;, f;, bo. Holed dish. 


a, 
deg —fs fs 
Re | 10 0.0306 1.0046 0.0460 
20 0.1234 1.0170 0.0466 
30 0.2808 1.0386 0.0475 
0.2 10 0.0306 1.0046 0.0502 
20 0.1235 1.0185 0.0509 
30 0.2814 1.0422 0.0521 
0.3 10 0.0306 1.0050 0.0544 
20 0.1236 1.0206 0.0552 
30 0.2814 1.0458 0.0566 
10 0. 0306 1.0054 0.0586 
20 0.1237 1.0216 0.0595 
30 Q. 2826 1.0494 0.0612 
+ 7 he 
V4 . J + re? r? 
Ss R | r? 
3+ aha | (1 
Vo + + — r 
Ss r? 
In particular, 
(1 a jhayr,? 
Ma it 
WR 
(1 oa )hayr.? 
Mg at 


Phis completes the examination of this problem. In both solu- 
tions, p, f, 8, Mg, My, and A have been determined in terms of the 
immediate geometry of the dish and of the coefficients a, Mo, 
V4, and A are functions of a; only, the a,’s for r > 1 having been 
left out as being coefficients of a higher order of small quantities. 
The coefficients by and f,1 <r < 5, 7, odd) are tabulated in 
Table 2 in certain ranges of 0, @, and 


Conclusions 


The departure in the profile of a paraboloid dish from a spheri- 
cal profile is less than 5 per cent of the sphere radius at the outer 
rim fora dish of semiaperture 30 deg. This will be considered to 
justify the use of the results derived in previous sections for the 
assessinent of stresses and strains in the spinning paraboloid dish. 
Thus (19) and (19a) which represent the radial deformation of 
the spinning dish could be used to design a dish which is parabolic 
in the spinning condition; this could be achieved by using a tem- 
plate for the dish profile which departs radially from the para- 
bolic shape negatively by amounts (19) and (19a), respectively, 
for the eases of the unholed and holed dishes. 

Normally the problem is rather more involved than that 
treated here, especially as regards constraints at the hub intro- 
duced by the flanges necessary to support the dish and the possi- 
bility that the dish be not homogeneous either in material or in 
thickness Howeve as these further complications can be under- 
taken by methods not different from the foregoing, which method 
thus provides a useful angle of attack on problems which might 
Incorporate them. 

Finally, as an example of the extreme arithmetical simplicity 
involved in the use of the results derived, one can verify that a 
whole spinning paraboloid steel dish of angular aperture 60 deg at 
the center, foeal distance 6 in., '/s in. thiekness, and spinning at 
6000 rpi will experience the following various maximum stresses, 
moments and deformations: 


7650 psi at 0 = 17.2 deg 


f aX Pmax 


38,200 psi at 9 = 0 Hquations (14) 
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a, 
a,/a, deg fi —f; to —bo 
O:1 0.1 10 0.03811 1.0043 0.0460 0.0003 
20 0.1264 1.0174 0.0466 0.0013 
30 0.2921 1.0401 0.0477 0.0031 
0.2 10 0.0322 1.0044 0.0400 0.0012 
20 0.1312 1.0180 0.0466 0.0052 
30 0.3047 1.0419 0.0478 0.0124 
0.3 10 0.0346 1.0047 0.0461 0.0028 
20 0.1416 1.0195 0.0467 0.0117 
30 0.3322 1.0457 0.0479 0.0281 
0.4 10 0.0386 1.0053 0.0461 0.0050 
20 0.1594 1.0219 0.0468 0.0208 
30 0.3780 1.0520 0.0482 0.0502 
0.2 0.1 10 0.0310 1.0047 0.0502 0.0003 
20 0. 1262 1.0189 0.0509 0.0018 
30 0.2920 1.0437 0.0522 0.0031 
0.2 10 0.0321 1.0048 0.0502 0.0012 
20 0.1302 1.0197 0.0510 0.0052 
30 0.3042 1.0458 0.0523 0.0124 
0.3 10 0.03438 1.0051 0.0503 0.0028 
20 0.1419 1.0214 0.0511 0.0117 
30 0.3304 1.0501 0.0525 0.0281 
0.4 10 0 0383 1.0058 0.0503 0.0050 
20 0.1583 1.0238 0.0512 0.0208 
30 0.3758 1.0563 0.0528 0.0502 
0.3 0.1 10 0.0311 1.0051 0.0521 0.0003 
20 0.1266 1.0206 0.0530 0.0013 
30 0.2933 1.0475 0.0545 0.0031 
0.2 10 0.0322 1. 0052 0.0522 0.0012 
20 0.1320 1.0214 0.0531 0.0052 
30 0.3050 1.0496 0.0546 0.0124 
0.3 10 0.0342 1.0056 0.0523 0.0028 
20 1407 1.0229 0.0532 0.0117 
30 0.3309 1.0537 0.0548 0.0281 
0.4 10 0.0383 1.0058 0.0503 0.0050 
20 0.1583 1.0238 0.0512 0.0208 
30 0.3758 1.0563 0.0528 0.0502 
0.4 0.1 10 0.03811 1.0054 0586 0.0003 
2) 0.1268 1.0224 0.0596 0.0013 
30 0. 2940 1.0514 0.0613 0.0031 
10 0.0321 1.0056 0586 0.0012 
20 0.1311 1.0229 0.0597 0.0052 
30 0. 3060 1.0535 0.0615 0.0124 
0.3 10 0. 0841 1.0060 0 0587 0.0028 
20 1406 1.0246 0.0598 0.0117 
30 0.3300 1.0578 0.0617 0.0281 
0.4 10 0.0379 1. 0066 0.0587 0 0050 
20 0.1572 1.0275 0.0599 0.0208 
30 0.3733 1 0653 0.0621 0.0502 
M = 26,000 Ib-in/in. at = O Equations (21) 
(A/R)max 0.063 at 6 = 30 deg Mquations (19) 


The last results show the considerable maximum = normal 
deformation of the dish due to the spinning; it amounts to 6.5 
per cent of the radius R; i.e., 3/,in. for this particular dish. Con- 
ditions are obviously critical at the center and holing the dish at 
the center to remove the constraints would not be indicated. 
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Torispherical Shells— 


A Caution to Designers 


G. D. GALLETLY 


Shell Development Company, 
Emeryville Research Center, 
Emeryville, Calif. 

Assoc. Mem. ASME 


It has recently become apparent, through a rigorous stress analysis of a specific case 
that designing torispherical shells by the current edition of the ASME Code on Unfired 
Pressure Vessels can lead to failure during proof-testing of the vessel. The purpose 
of the present paper is to show in what respects the Code fails to give accurate results. 


As an illustrative example, a hypothetical pressure vessel with a torispherical head 
having a diameter-thickness ratio of 440 was selected. The supports of the vessel were 
considered to be either on the main cylinder or around the torus. The vessel was sub 

jected to internal pressure and the elastic stresses in it were determined rigorously and 
by the Code. A comparison of the two revealed that the Code predicted stresses in the 
head which were less than one half of those actually occurring. Furthermore, the Code 
gave no indication of the presence of high compressive circumferential direct stresses 
which exceeded 30,000 psi for practically the entire torus. If the head had been fabri 

cated using a steel with a yield point of 30,000 psi, then a limit analysis shows that it 
would have failed or undergone large deformations, whereas the Code would have pre 

dicted that it was safe. The Code’s rules for torispherical heads are thus in need of 
revision for certain geometries. The implications of the foregoing results are currently 
being studied by the ASME; in the interim, however, designers should exercise care in 
applying the Code to torispherical shells. 

It is also shown in the paper that the use of the membrane state as a particular solu 
tion of the differential equations is not a good approximation for toroidal shells of the 


tvpe considered. 


Introduction 


Bis over a year ago a large pressure vessel col- 
lapsed while undergoing its hydrostatic proof-test. The bottom 
head of the vessel, which had been designed in accordance with 
the provisions of the ASME Code for Unfired Pressure Vessels 
[1]! was of the torispherical type and was supported by a eylin- 
drical skirt. 

Since many pressure vessels are used in refineries and chemical 
plants it was felt desirable to undertake a study of this type of 
head. In particular, it was desired to ascertain whether the cur- 
rent edition of the Code adequately portrayed the state of stress 
in torispherical heads, and whether supporting a pressure vessel 
around its bottom head produced larger stresses than supporting 
it from its cylindrical body. 

In order to have a specific example to discuss, a hypothetical 
pressure vessel design incorporating a torispherical head was 
selected. This vessel was then subjeeted to pressure loading 
and the stresses in it were determined both by the ASME Code 
and also by integrating the differential equations of the problem, 
For both eases the dead weight of the vessel was negleeted, as 
were any initial out-of-roundness, welding stresses, defeets, ete. 
A comparison of the two methods then indicated in what respeets 
the current Code was deficient. These points are discussed in 
more detail later. 

During the course of the investigation it also beeame apparent 
that an approximation commonly used in shell theory was pro- 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Petroleum Division and presented at the 
Petroleum-Mechanical Engineering Conference, September 21-24, 
1958, Denver, Colo., of THe AMERICAN Society OF MECHANICAL 
I.NGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, August 
7,1957. Paper No. 58—PET-3. 
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ducing poor results when applied to the toroidal shell of the nu- 
merical example. The approximation referred to is the practice 
of using the membrane forces and deformations as particular 
integrals of the nonhomogeneous differential equations. Nu 
merical results are given later which show the discrepancies 
caused by use of the approximation. 


Details of Example Vessel and Loadings Considered 


The vessel chosen for illustrative purposes is shown in Fig. 1. 
The bottom head, upon which most interest will be concentrated, 
consists of a spherical eap joined to the main evlindrical body of 
the vessel by a fairly sharp radius toroidal transition piece. The 
over-all dimensions of the vessel are 62 ft high & 23 ft diameter. 
Other pertinent dimensions are given in Fig. 1. 

The continuous cireumferential support for the vessel will be 
considered to be located at one of two positions. These are: 


1 On the main evlindrieal body of the vessel. The exact 
position of these supports is immaterial as long as they are far 
enough away so that they do not produce any discontinuity 
effects at the eylinder-torus junetion, 


2 Around the horizontal circle at @ = 75 deg on the torus 

The vessel itself is supposed to be designed for a pressure of 
10 psig. However, the loadings to be investigated herein corre- 
spond to those which would exist during proof-testing of the 
vessel, Thus the twy loadings which will be considered are: 

1 Aconstant pressure of 60 psig and 

2 The vessel completely filled with water and an additional 
pressure of 34 psig applied. 

Leading (2) corresponds to a pressure of 59 psig at the eylinder- 
torus Junction and 61 psig at the crown of the spherical cap. It 
also corresponds to the usual hydrostatic proof-test 

It will also be assumed that the material from which the vessel 
is constructed has an allowable stress of 13,750 psi, a yield point of 
30,000 psi, and that the joint efficiency of the welds is 1.0. 


FEBRUARY 1959 / 


3 

» 

= 

3 
a's 


Hemisphere 
Dimensions of Vessel} (in) 
H = 554.0 
Ro = 138.23 
h. 0.460 
r 227.5 
Cylinder 0.025 
H a = 120.0 
: b 18.312 
Rsk * 137.99 
h h 7/16 
\ sk 
; -Torus 
h Spherical Cap 
Rsk 
(a) Over-all view of vessel 
h, 
To 
R 
To 
a 


(b) Detail of torus 


Fig. 1 Example vessel used for analysis 


Provisions of the ASME Code for Unfired Pressure Vessels 


Torispherical Heads 


The provisions of the Code, in so far as it relates to torispherical 
heads, may be summarized as follows 


Geometrical Requirements 


1 The inside radius of the spherical cap shall not exceed the 
outside diameter of the skirt of the head. 

2 The inside radius of the torus (or knuckle) shall not be less 
than 6 per cent of the outside diameter of the skirt. 


It also must 
not be less than three times the head thickness, 


Stresses Due to Pressure 


From Paragraph UA-4(d) of the Code the following formula is 
obtained for the stress in torispherical heads due to internal 


pressure: 
R 
(osm (1)2 
n l 


Whe re 


oO stress in vessel wall, psi ° 
p internal pressure, psig 
R = inside crown radius (radius of spherical cap), in. 


= thickness of head, exclusive of corrosion allowance, in 
V factor tabulated in Table UA-4.2 of the Code 
7 = joint efficiency (assumed to be unity herein) 


* When the toroidal radius is 6 per cent of the crown radius, M = 
1.77. For this particular case, equation (1) then agrees with the 
equation given in Paragraph UG-32(e) of the Code. 


For the example 
vessel under discussion, 1.65. 
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The Code does not state whether the stress given by equation 
(1) is meridional or circumferential, or whether it is tensile or 
compressive. Some discussion concerning its derivation would 
thus appear to be in order, 

Usually the Code attempts to predict only the direct (i.e., 
membrane) stresses due to pressure. Examples of such cases 
are the Code formulas for evaluating stresses in cylindrical or 
spherical shells. The Code’s attitude with regard to bending 
stresses is as follows: 


“It is recognized that high localized and secondary bending 
stresses may exist in vessels designed and fabricated in accord- 
ance with these rules. In so far as practical, design rules for 
details have been written to hold such stresses at a safe level 
consistent with experience.” 


The situation with regard to the Code stress formula for tori- 
spherical shells appears to be somewhat different from that out- 
lined. Reference [2], which includes a history of the design of 
pressure vessel heads, states that the formula is not based on com- 
puted stresses in torispherical heads. Instead, it is based on 
tests of heads of various geometries in which the stress intensifiea- 
tion coefficients (ratio of the maximum stress in the head to the 
membrane stress in the spherical cap, i.e., the factor 1) were 
determined by observation of the pressure at which yielding 
occurred on the outside of the torus. The fact that vield- 
ing first began on the inside of the torus, for some of the tests at 
least, was ignored, as also was the fact that the onset of yielding 
is influenced by both meridional and circumferential stresses. 
Thus the Code formula for stress in torispherical heads is only 
approximate; it includes both direct and bending stresses, but 
to which point in the head it is supposed to apply remains a moot 
point, 


Suggested Good Practice Regarding Design of Supports 


In the nonmandatory Appendix G of the Code it is mentioned 
that for vessels supported on skirts 


. localized longitudinal bending and circumferential 
compressive stresses of high order may exist in the metal of the 
shell and skirt near the circle of skirt attachment, if the skirt 
reaction Is not substantially tangent toe the vessel wall.” 


The Code appears to prefer attaching the eylindrical skirt 
above the junetion of the head with the main eylindrieal shell, 
When the attachment is below this junction, localized stresses 
are introduced in proportion to the component of skirt reaction 
which is normal to the head at the point of attaehment. How- 
ever, the Code proceeds: 


. When the mean diameter of skirt and shell approximately 
coincide and a generous knuckle radius is used (e.g., a 2:1 
ellipsoidal head) the localized stresses are minimized and are 
not considered objectionable. In other cases, an investigation 
of local effects may be warranted depending on the magnitude 
of the loading, location of skirt attachment, ete., and an 
additional thickness of vessel wall or compression rings may 
be necessary .”’ 


Stresses in Example Vessel as Predicted by the Code 


Por the proof-test it is not necessary to subtract the corrosion 
allowance in the value for 4. Thus the following dimensions 
apply for the vessel: 


Inside radius of spherical cap = 227.2 in. 

Inside radius of torus = 18.0 in. 

Thickness of head = Q.625 in. 
Considering first the case where the vessel is supported from 
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the cylindrical body, and a constant internal pressure of 60 psig 
is applied, equation (1) gives o = 18,000 psi. A similar value 
for the stress would also be obtained with the second type of 
loading (hydrostatie loading plus an additional pressure of 34 
psig). 

While the Code does not require the maximum localized stress 
in the head to be caleulated, some idea of its magnitude can 
be obtained from Reference [2], which is a publication of the 
PVRC (Pressure Vessel Research Committee). In Fig. 11 of 
the PVRC report the maximum measured stresses from a 
limited series of tests on torispherical heads are plotted in  di- 
mensionless form against the ratio 


radius of torus 


radius of spherical cap’ 


For the head under discussion this ratio equals 0.0795; from 
the PVRC report one would then estimate the maximum local- 
ized stress in the head to be 45,000 psi.’ 

Turning now to the case where the vessel is supported around 
the torus at @ = 75 deg, the additional dimension of interest is 
the outside diameter of the skirt, which equals 276.42 in. As the 
inside spherical cap radius is less than this value, and the inside 
toroidal radius is 6.5 per cent of it, two of the geometrical re- 
quirements of the Code are satisfied. 

The next problem facing the designer is to decide whether an 
investigation of local effects is warranted at the skirt-torus junc- 
tion (ef. the earlier remarks on “Suggested Good Practice Regard- 
ing Design of Supports’). The mean diameters of skirt and 
cylinder approximately coincide for this vessel and the skirt 
reaction (located at @ = 75 deg) is substantially tangent to the 
vessel wall. The radius of curvature of the knuckle (torus) 
is about one half that of a 2:1 ellipsoid at the location of the skirt 
attachment, decreasing to 1/5 at the torus-spherical cap junction. 
Thus the curvature of the torus in question is not as generous as 
the example cited by the Code. However, since the supports 
meet the other requirements, it will be assumed herein that the 
designer would compromise on the curvature suggestion and not 
make an investigation of local effeets.* 

The Code, however, still requires that the direet stress due to 
the skirt reaction be taken into account. For the case where 
the vessel is subject to a constant internal pressure, the skirt 
reaction equals zero (neglecting the dead weight of the vessel). 
Thus the additional direct stress equals zero for this case. 

When the vessel is filled with water it can be shown that the 
weight of water above the level of the skirt attachment is 1.406 x 
106 lb while that below is 6.24 As the horizontal radius 
at the skirt attachment is approximately 138 inches, the following 
values are obtained for the meridional direct stresses in the torus 
due to the skirt reaction: 

Above the skirt attachment: Ago = 
Ago = 


—2685 psi 
Below the skirt attachment: 120 psi 

The previously calculated value of ¢@ = 18,000 psi should now 
be added to one of these two values of Ag. As the Code does 
not specify the location of o, the worst ease is obtained by adding 
'Ag) = 2,685 psi. Thus when the vessel is supported around 
the torus, the Code would predict a stress of 18,000 + 2,685 = 
20,685 psi in the torispherical head. 


3 This value can be considered only approximate for the head 
considered herein. This is because the diameter-thickness and to- 
roidal radius-thickness ratios of the test vessels in Reference [2] 
were considersbly smaller than those of the example vessel. 

‘Since the curvature suggestion appears in a 


nonmandatory 
appendix, this does not seem unreasonable. 
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Stresses Predicted by the Accurate Analyses 


The details of the accurate analyses are given in the Appendix. 
Briefly, what is given there is as follows: First, the differential 
equations for the bending of a surface of revolution with constant 
thickness and constant meridional radius of curvature (as given, 
for example, in Reference [3]) were extended to include the effects 
of nonuniform internal pressure. The two second-order differ- 
ential equations so obtained were then reduced, in the usual 
manner, to a single, complex second-order nonhomogeneous 
differential equation. This latter equation was then specialized 
to apply to spherical and toroidal shells. A high-speed electronic 
computer was then utilized to obtain the homogeneous and par- 
ticular solutions for the torus, and the homogeneous solutions 
for the spherical cap. The particular solution for the spherical 
cap was obtained in closed form, as were the homogeneous and 
particular solutions for the cylinder. 

Having these solutions available it is then possible to compute 
the edge displacements and rotations of the various shells in 
terms of the unknown edge moments and shears. Use of the 
compatibility equations then vields a set of simultaneous linear 
algebraic equations for the unknown edge moments and shears 
Solution of this svstem of equations determines the unknowns 
at the edges of the shells and then the stress distributions can be 
determined in the usual manner. 

The manner in which the vessel was cut apart for stress analysis 
purposes when it was supported around the toroidal shell is shown 
in Fig. 2. When the vessel was supported from the eylinder, 
cuts were made only at the eylinder-torus and torus-spherical 
cap Junetions. 

The elastie stress distributions throughout the toroidal shell, 
as caleulated by the methods outlined in the Appendix, have 


been obtained for three eases. These are: 


1 Constant pressure of 60 psig, supports on cylinder. 
2 Constant pressure of 60 psig, supports on torus. 


Cylindrical Body 


H, aM, 
M, Upper Torus 
H, 
Hy 
Ms 


Cylindrical Skirt -+ 


Spherical Cap 


(b) Detail at skirt-torus junction 


Fig. 2 Method of analyzing the vessel when supported around the torus 
at = 75 deg 
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Fig. 3 Stresses in torus. Constant internal pressure of 60 psig, supports on cylinder. 
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\ 
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o> = Extreme Fiber Bending Stress 
o4 Direct Stress 
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3) -60,000L and Circumferential Directions Respectively 
Fig. 4 Stresses in torus. Constant internal pressure of 60 psig, supports on torus. 
= 3° Hydrostatic loading plus an additional constant pressure of — assumed to have a yield point of 30,000 psi will be ignored tem- 
34 psig, supports on torus. porarily, 
The corresponding stress distributions are given in Figs. 3-5. 
; The positions of the elastically deformed torus for cases (1) Constant Pressure—Supports on Cylinder - 


and (3) are also shown in Fig. 6. It can be seen that the maxi- 


; From Fig. 3 it can be seen that: 
mum deflection is only about 1/3 of the shell thickness. Thus 


small-deflection theory, which was used in the analyses, should (a) The maximum value of the circumferential direct: stress 
be quite accurate, : o9%, is 45,000 psi compression. Also, between 35 deg < @< 
The stress distributions throughout the spherical cap and 80 deg, the circumferential direct stress is greater than 30,000 psi. 
cylinder have not been plotted since they were not as severe as (b) The meridional bending stress og> has a maximum value of 
the stresses in the torus. The stresses in the skirt for case (3) £40,000 psi (tension on the inside of the torus) and it is greater 
: are, however, given in Fig. 7. than +30,000 psi over an are of 30 deg. 
In what follows the salient points about cases (1), (2), and (3) (c) The meridional direct stress, og, is quite small, having : 


will be briefly summarized. The fact that the vessel material was | maximum value of 9,000 psi. 


|. 
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Fig. 5 Stresses in torus. 


> Elastically Deformed Tori 


Location of Skirt 


Original Position 
of Torus 


0. 10in 


Scale 


I = Constant Internal Pressure of 60 psig - Supports 
on Cylinder 

II = Hydrostatic Plus Constant Internal Pressure of 
34 psig - Supports on Torus 


Fig. 6 Deflected positions of elastic tori 


Constant Pressure—Supports on Torus 


Comparing Figs. 3 and 4 it can be seen that the skirt has the 
effect of reducing the maximum value of o94 from 45,000 psi to 
36,000 psi. The maximum value of og’ is also decreased slightly 
and the locations of the two maximums are changed somewhat. 

The skirt also considerably alters the distribution of the me- 
ridional and circumferential bending stresses. The maximum 
value of og? at the location of the skirt attachment is 23,000 psi, 
which is not an excessive discontinuity stress, 
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Hydrostatic plus constant internal pressure of 34 psig, supports on torus. 


oO psi 
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= Direct Stress 

Subscripts x and 6 Refer to Axial and 
Circumferential Directions Respectively 


Fig. 7 Stresses in cylindrical skirt. 


Hydrostatic plus constant internal 
pressure of 34 psig, supports on torus 


Hydrostatic Plus Constant Pressure—Supports on Torus 


Actually there is not much difference between the stress dis- 
tributions of eases (2) and (3). 


The maximum values of oy? and 
og? differ by only +2000 psi. 


The stresses at the eylinder-torus 
junction for case (2) are nearly twice as high as those for case 
(3); however, they are small anyway. The compressive value 
of oy” at the skirt attachment is 50 per cent higher for case (3) 
than for ease (2). The value of o@4 is also slightly lower at this 
location 
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The stresses in the skirt for this case are quite substantial 
be from Fig. 7. 


as 
The maximum bending stress is 
£68,000 psi and the maximum circumferential direct 
is about —26,000 psi. 

) 


2) loading also. 


can seen 


stress 


Similar stresses are found in the skirt for 


Case 


Comparison of Code Predictions and the Results of the 
Accurate Stress Analyses 


Supports on Cylinder 


For the case where the supports were on the cylinder, and the 
vessel was subjected to a constant internal pressure of 60 psig, it 
has been seen that the ASME Code predicted a stress in the 
terispherical head of 18,000. psi.5 
given in the PVRC report 


Further, using some results 
2|, it has been estimated that the 
maximim localized stress was about 45,000 psi. 

From the preceding section, it has been shown that the maxi- 
mum direct stress for the constant pressure cause was —45,000 
psi. The maximum meridional stresses in the torus were 48,000 


psi (inside) and 


32,000 psi (outside), and the maximum cireum- 
ferential stress was Thus if the material 
did not yield, the Code would have predicted a stress which was 


55,000 psi (outside). 


less than one half the maximum meridional and circumferential 
that actually The estimate of maximum 
stress, which is not considered by the Code, is also 
However, the way in which the Code errs most 
seriously is in not bringing the designer’s attention to the large 
circumferential direct stresses which occurred in this example. 
As mentioned hitherto, they 


stresses occurred, 
localized 


somewhat low, 


are greater than 30,000. psi for 
practically the entire are length of the torus, 

It, has been assumed that the actual vessel material has a vield 
point of 30,000 psi. Thus the stress distributions given in Fig. 3 
will not occur, If the meridional stresses are neglected, then an 
approximate estimate of the pressure p at which the vessel wall 
first reaches the fully plastic distribution Gin the circumferential 


direction, at @ = 60 deg) can be obtained from the relation: 


where 


a, = yield point of material, psi 
o, = direct stress, psi 
o, = bending stress, pst 


Use of equation (2) and the results of Fig. 3 indicates that p = 


37 psig. Beeause of the presence of the meridional stresses, the 
vessel wall will become fully plastie somewhat before this value. 
After this occurs, the circumferential stress at this point will 
maintain its yield point value despite the increasing pressure. 
Other points will begin to vield and the equations of equilibrium 
have to be modified for the circumferential areas which have 
become plastic. The problem becomes rather complex because 
parts of the shell are fully’ plastic while other parts are still fully 
elastic. Instead of attempting to deal with the elastoplastic 
shell, it was decided that a better approach to the problem would 
be to determine the limit load of the shell. 
by Profs. D.C. Drucker and R. T. Shield of Brown University. 
Their approach will be briefly described. 


This was ealeulated 


The limit analysis is concerned with predicting an upper 
bound for the maximum pressure the shell ean carry without 
failing due to plastic action. A possible deformation pattern 
of the shell is first assumed, consisting of a vield hinge in the 
eylindrieal shell, at the mid-point of the torus, and in the spheri- 


§ It is of interest to note that 
25,000 psi. 


application of the British Code [4] to 
this case gives ¢ = 
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cal cap. The rate at which energy is dissipated due to plastic 
action is then calculated and an upper bound for the collapse 
pressure is found from the following theorem of limit analysis: 

external rate of doing work = 
energy. 

Using this procedure, Drucker and Shield calculated that the 
collapse pressure for the case under consideration would be 
about 49 psig [5]. 


rate of plastic dissipation of 


Thus for the torispherical head under a constant internal 
pressure of 60 psig, with the supports on the cylinder, the situa- 
tion may be summarized as follows: 


1 The Code predicts a fairiy modest stress and thus the 
vessel would be considered safe. 

2 The accurate stress analysis predicts high circumferential 
direct stresses and fairly high meridional bending stresses. If 
the vessel material has a yield point of 30,000 psi, then a fully 
plastic stress distribution occurs in the circumferential direction 
at a pressure lower than 40 psig. If the material has a high yield 
point, then it appears possible that the shell might buckle elas- 
tically in the circumferential direction. 

3 The limit analysis predicts a collapse pressure of 49 psig. 
Thus the subject vessel, if made of a brittle material with no 
appreciable strain-hardening, 
proof-test. 


would have failed during the 
If the material had been ductile and tested at 60 
psig, then large deformations, many times the shell thickness, 
would have 


Hence for the ease under discussion it can be concluded that 
the provisions of the current ASME Code, as it relates to tori- 
spherical heads, can lead to unsafe design. 

It may also be mentioned, in connection with item (3), that as 
larger vessels are built for the same internal pressure, so the 
This is 
because of the tendeney of notch ductility to decrease, and transi- 
tion temperature to increase, with increasing plate thickness. 
The present Code (Paragraph UG-99(h)) recommends that the 
minimum test temperature be 60 F. As this reeommended 
temperature may be lower than the transition temperature of 
the thicker plate thicknesses 


method of testing the vessel becomes more important. 


(>3/, inch), caution should be 
exercised in deciding the temperature at which a test should be 
conducted 


Supports on Torus 


In applving the Code it was assumed that an investigation of 
local effects was not warranted when the vessel was supported 
around the torus. Thus for the constant pressure case, the 
Code’s predictions of stress will be the same as when the vessel 
is supported from the evlinder. For the hydrostatic plus con- 
stant pressure case, with the supports on the torus, the Code 
would have predicted somewhat higher stresses than for the 
constant pressure case, 

The accurate analyses, however, show that the maximum 
meridional stresses are approximately the same for all the cases. 
Also, the direct circumferential stress decreases by about 20 per 
cent when the supports are on the torus. Use of equation (2) 
(and neglecting, as before, the meridional stresses) then indicates 


“that the vessel wall becomes fully plastic in the circumferential 


direction at a pressure of 47 psig. Also, neglecting the cireum- 


(2 


ferential stresses, use of equation ) and the results of Fig. 7 
indicates that a vield hinge will form at the skirt-torus junction 
at a pressure of 39 psig. 

Unfortunately, a limit analysis of the vessel with the supports 
around the torus has not been made as vet. However, the values 
of the pressures quoted in the preceding paragraph for the forma- 
tion of yield hinges indicate that the collapse pressure of the 
vessel with the supports around the torus should not be too 


different from that with the supports on the cylinder. Thus for 
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this case also, it is apparent that the Code does not give an ade- 
quate representation of the stresses which occur. 


Comments on Two Approximations Commonly Used in 
Shell Theory 


In analyzing shells subjected to both internal pressure and 
edge bending loads, approximations are frequently made in shell 
theory with regard to a particular solution of the nonhomo- 
geneous differential equations. 
are: 


Two common approximations 


(a) The transverse shear Qg and the rotation V, are both set 
equal to zero, and the stress resultants Vg and N¢g are given by 
their membrane values. 

(b) Same as (a), except that the rotation V is given by the 
membrane rotation V,,. 

The approximation (a) for toroidal shells is discussed by 
Clark [6] who points out that it is not valid in the neighborhood of 
@=0, +f. 
connection with his paper on asymptotie integration, 


Hildebrand [7] discusses both approximations in 
His work 
indicates that, for the case to be considered later, the assumption 
that V 
good. 
Both approximations were used to ealeulate the stress distri- 
butions (og? and 09’) throughout the torus of the torispherical 
head of the example vessel. 


m is an adequate particular integral for Vo should be quite 


The homogeneous solutions used in 
each case were those previously obtained by numerical integra- 
tion. The loading considered was a constant internal pressure 
of 60 psig and the supports were assumed to be on the cylinder, 
For constant internal pressure the membrane rotation of the 
torus Is given by the expression: 


EV. = _ pb cot ( ') (3) 
2h sin @ sin @ sin @ 


I-quation (3) was used in connection with the approximation (/) 
Just mentioned; when using it the membrane moments were also 
neglected, 

The end results of the two approximations are given in Fig. 8. 
These curves should be compared with the og° and a9? curves 
obtained by numerical integration of the complete differential 
equation, which are given in Fig. 3. 
mation (a), while giving maximum values of og? and a4 which 


It can be seen that approxi- 


are approximately correet, gives an entirely different stress dis- 
tribution to that actually oceurring. Approximation (b) gives 
a reasonable maximum value for og? and the distribution is not 
too far off; the meridional bending stress distribution, however, 
is incorrect by a factor of two or more. Thus neither approxi- 
mation can be considered satisfactory for the shell under dis- 
cussion. 

The reason the approximations do not give good results in this 
case is because the membrane rotations are very large at the 
lower end of the shell (@ = 35 deg). 
then become of importance and the assumption that Q, = 0 in 
the particular solution is no longer reasonable. 
with Hildebrand’s general results where he shows that setting 


The membrane moments 
This is in line 


V = V,,, Q¢ = 0 as a particular solution neglects a resultant of 
order of magnitude k~*EhV,, where k, for a torus, is given by 
b 


k? = — v?)]'/* — 
X/sin 


Taking the reference station at @ = 90 deg and substituting 
2.53. Since this is a relatively 
low value of k, and as EhV,, is so large for the values of @ toward 
the lower edge of the shell, the neglected resultant is quite sub- 
stantial. 


the numerical values gives k = 
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a} = Extreme Fiber Meridional Bending Stress 
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O&O, = Circumferential Direct Stress 

Approximation (a) Neglects Membrane Rotations 

Approximation (b) Includes Membrane Rotations 


Fig. 8 Stresses in torus using approximate particular integrals. Con- 


stant internal pressure of 60 psig, supports on cylinder. 


Conclusions 


Since only one torispherical shell geometry has been investi- 
It is 
believed, however, that further study will show them to be valid 


gated, the following conclusions really apply only to it. 


for a range of shell geometries. 


1 Assuming the head remained elastic, the current edition of 
the Code predicted a stress which was less than one half the 
maximum meridional and circumferential stresses actually pres- 
Of greater significance, however, is the facet that the Code 
gave no indication of the high circumferential direct stresses 


ent. 


which were present over practically the entire torus. 

2 For similar heads, construeted from materials with rela- 
tively low yield points and designed in accordance with the 
Cade, either the head will fail during the proof-test or large de- 
formations will result. The first circumstance will happen if a 
defeet is present and the material of the head is notch-brittle, the 
second if it is notch-ductile. 

3. For heads made from a high vield point material, it appears 
possible that elastic buckling might take place. 

4 Supporting the vessel around the bottom head in the man- 
ner discussed herein did not increase the elastic stresses in the 
head. The bending stresses remained about the same and the 
direct 

5 Care should be taken in evaluating a particular solution of 


circumferential stress decreased. 
the differential equations for toroidal shells, even when the eo- 
latitude angle @ is as large as 35 deg. 


Until further research has established the ranges over which 
the present Code formula is applicable, and amended it for other 
ranges, it is recommended that caution be exercised when de- 
signing torispherieal shells by the Code. This is especially so 
if the vessel has geometric ratios which differ substantially from 
past practice. In this connection it might be mentioned that 
Drucker and Shield, of Brown University, are currently caleu- 
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lating limit loads for torispherical shells of various geometries 


Let a quantity Z be introduced such that: 
and yield points. 


This work, when it becomes available, should 
be of considerable value to designers. 


(10) 
where k is a constant defined by: 
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APPENDIX 


Differential Equations of Equilibrium for Surfaces of Revolu- i=V/-1 
tion Subjected to Nonuniform Internal Pressure 
Multiplying equation (6) by k, adding it to equation (5), and “ 
By extending the analysis given in Timoshenko [3] 


[3], the fol- using equations (10), (11 
lowing differential equations are obtained for constant thickness — in Z: 


, and (12), yields the following equation 


shells of revolution subjected to nonuniform internal pressure p 


L(Z) ip?Z = 13) 
and edge bending loads :6 


If the two linearly independent solutions of 


L(Z) — iwZ = g() 


) 
mot im + (P + 7Q) 


(15) 
where = + + (P + iQ) | 


Li where (P + (Q) is a particular solution of equation (14), then the 


complex conjugates Z, and Ze are solutions to: 


LiZ) + = 16) 


Thus 2; and Zs, together with their complex conjugates, repre- 
inde the primes indicate differentiation with re spect to @. The 


sent the complete svstem of independent solutions of equation 
notation used is similar to that of Timoshenko and is as follows: 13). 
From equation (10 
U T2 

Qe transverse shearing foree Z =u fll + 
\ angle of rotation of a tangent to a meridian Fag ome ic 
shell thickness 
‘i meridional radius of curvature Adding and subtracting the relations (17) and using equation 

radius of curvature in the normal plane perpendicular to a 11 
meridian: DV —Z 2p? 

bending rigidity of shell = BA*/12(1 v 

vy = Poisson’s ratio » 

rin) angle measured from the vertical axis of revolution 

The solution to equation (14) may be written as 
Phe right hand side ol equation (O) IS given by 


Z = (A, + (a1 + iy) + + (x2 + Tye) 
ro sin? @ 
t ( :) A +4 pi 
ry Z = (Aunt — Bit 


+ i(Aiy + Bur + Ay 
where pis the internal pressure. 


The function A in equation (8) is given by: where A, ... 8, are arbitrary constants. 


1Pfod ‘ Use of equations (17) and (20) then determines U and V in 
A = p — dd = | prirz sin cos (9 terms of A; ... By. It is somewhat more convenient to define 
do new constants such that 


For shells of constant thickness whose meridional radius of C, = A, — vBi/per 
curvature r; is also constant, equations (5) and (6) ean be reduced 


te 


to a single second-order complex differential equation. This 
reduction is quite well known (see, for example, Reference [8 | 
and will be described only briefly. ete. 


dD, = B, 


The solutions for (7 and V then become: 


6 These equations can also be obtained from equations (12), (13), 
and (14) of Reference {7}. 


+ Diy + Core + + P vQ/p en (22) 
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EhrvV = wry) + Divvyr + 
+ — + + — (23) 


Knowing U and V the stress resultants can be found from the 
following equations: 


\ 
V, = —U cot b/r + : (a) | 
cot a | 
A 
Ve = —U'/r, + pro (b) 
ry sin? @ Pre 
Mg = —D(V'/r, + vV cot (ce) ? (24) 
Mo = —D(V cot + vV'/r; (d) 
= e) 
( 
Hy = | 
sin @ } 


For shells with constant r; the funetion g(@) can also be written 
as: 

cot re 
yd) = (2 
Te 


p’r2? 
— 2prz cot (25) 


The horizontal displacement 6 ean be found from the relation: 

resing |. ‘ 

= (Ne — Ng (26) 

h 

Before specializing these general equations so that they apply 

to toroidal and spherical shells under hydrostatic plus constant 

internal pressure, the closed-form solution for the eylinder will 
first be given. 


Deformations of Cylinder 


The cylinder referred to is the evlindrical body of the pressure 
vessel shown in Fig. 1. The moment and shear acting on the 
eylinder at its junction with the torus are, from Fig. 2(b), Mi; 
and H;, From the equations of static equilibrium the axial force 
in the cylinder is found to be (neglecting the dead weight of the 
eylinder ): 


where 
p = constant internal pressure, psig 
R, = radius of evlinder, in. 
Y, = density of water, lb /in.?/in. 


Extending the analvsis given in Reference [3] to include the 
effect of a constant axial force, the following are obtained for the 


displacement and rotation at the lower end of the evlinder: 


vR 
Eu, = R2/h, ~ v/2) +7, 


(BM, + H,) (28 


(20M, + H,) (29 


u 9 
where 
u, = edge radial displacement ( 
V, = d/dx(u,) = edge rotation | 
wards) 


outwards 


when tangent rotates out- 
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D, = Eh3/12(1 — v?) 
H = height of cylinder 


If the vessel is supported above the cylinder-torus Junction, 
N, is increased by 


AN, = W/2nR, (30) 
where 
W = weight of vessel and contents 
Equation (28) must then be modified accordingly. 
The Spherical Cap 
For this case ry = re = r. Thus from equations (7) and (8 

” , 9 
Et...) = [(...)” + cot O(...)’ — cot? @(... )] | 

r (31 


and g(@) = rp’ 
The pressure at any angle @ from the vertical on the spherical 
cap is given by 
t Yur cos (32 
where 
+R 
b = meridional radius of curvature of torus 


b) cos a) (3:3) 


a@ = value of @ at spherical eap-torus Junction 


Hence the differential equation for the spherical cap becomes, 
from equations (14), (31), and (32): 


Z" + cot — cot? — y.risin (34 
From equations (9) and (82): 
A= sin? @ - cos’ @ + ( (bo 
») 
From equations (24a) and (35): 
U kr cos’ @ € 
Ng = —— cot @ 4 . + ——— (36 
r 2 3 sin? rsin® 
Ato = 0, U = 0 (from symmetry considerations ). 
Thus 
C = y,r3/3 (37 
ind 
Ng = ——cot@ + (1 cos® (38 


From equations (245), (82), (35), and (37 


Ve=- + kr/2 + (3 cos @ 2 cos’ 


The Toroidal Shells 


The toroidal shell joining the cylindrical body with the spheri- 
cal cap will be considered in two parts in what follows. The 
upper torus, with 75° < @ < 90°, lies between the eylindrical 
body and the skirt. The lower torus, with 35° < @ < 75°, lies 
between the skirt and the spherical cap. 

For a torus, the principal radii of curvature are given by [see 
Fig. 1(b)]: 
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where 
A = a/b 


Inserting the relations (40) into equations (7) and (8) there 
follows: 
a t 
h bf{(@) 


and d (41) 


A cot 2A 
+ s) A 4 


h sin’ Of(@) \sin 
where 
Mp) = 1 
sin 


The function A has to be evaluated for the upper and lower tori 
separately. The lower torus will be considered first. 
The pressure at any angle @ in the torus is: 
p=q- 7,0 cos @ (42) 
where 
q +R (43 


I rom equations (9 and (42 


qr sin? We h : 


+ 1/4 sin 26) + (44) 


From equations (24a) and (44), Ny, for the lower torus ean be de- 
termined. Equating Vy for the spherical cap and the torus at 
enables to be found. One obtains: 


This value of C, applies throughout the entire torus (35° < 
@ < 90°) if the vessel is supported above the torus-cylinder june- 
tion. However, when the skirt is located at @ = 75 deg on the 
torus, it does not apply for the upper torus. The constant appli- 
cable to this latter area is obtained by equating Vy for the torus 
‘at 90 deg with N , for the cylinder {given by equation (27 
The constant for this case, Co, is then given by: 


= —y,(1/2 HR2 + 1/3 + 1/4 (46) 


The differential equations for the two toroidal shells become: 


eot eot 2h 
gr 4. ( *) 


where G(@) is given by: 

cot 2) 

2 sing \sin 
2 vy,,Ab3 cot? sin f(b 
A cot @ ( ) ( o 
sin’ @ \sin @ 2 4 6) 
37,03 6| (48) 


where C is given by either equation (45) or (46). 


If the internal pressure has the constant value q, e.g., if pro- 
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duced by a gas, then C; = (, = 0. The function G(@) then re- 


duces to: 
Gd) = cot ( (49) 
2 sing \sing 


Solution of the Differential Equations of Equilibrium 


In the remainder of the Appendix, details will be given of the 
most complicated problem discussed in the paper, i.e., hydro- 
static plus a constant internal pressure of 34 psig, with the sup- 
ports on the torus. The other two problems considered in the 
paper can either be solved similarly or much more simply. This 
latter situation occurs if the supports are on the cylinder, 

Mquations (34) and (47) are nonhomogeneous, second-order, 
linear complex ordinary differential equations, As they are com- 
plex equations the complete solution will contain [as shown by 
equation (19)] four solutions of the homogeneous equation plus a 
particular solution, An accurate and easy-to-use solution of the 
equations is, particularly for the tori, rather difficult to obtain. 
There are various approximate techniques that could be used. 
However, since a high-speed electronic digital computer was 
available, this was used instead. 

For the spherical cap a particular solution can easily be found 
in closed form. This is given by: 


Z= — sin (50) 


Substituting Z = r + zy in equation (34) with the right-hand 
side set equal to zero, and equating the real and imaginary parts, 
x” = —cot dr’ + cot? dx — pry 


(51) 
= —cot dy’ + cot? dy + wre 


The homogeneous solutions were obtained by numerically 
integrating the two simultaneous differential equations (51). 
Since the spherical cap includes the angle @ = 0, only one com- 
plex solution has to be determined. This is because it is known, 
from the analytic solution, that one of the complex homogeneous 
solutions becomes infinite at @ = 0. The results of the numerical 
integration for selected values of @ are given in Table 1. 


Table 1 H g luti for the spherical cap 

—0.092702  —2.85901 0.049929 —1.10091 
10 0.007229 15.8382 —0.647489 —14.0242 
3.86274 28 . 3553 2.44011 149.791 
20 —30.6797 —1070.25 14.6522 —410.560 
25 31.1898 7076 — 259.039 —5318.66 
30 1579.91 5654.52 1295.75 693900 
35 — 15434. 1 —491281 5044.38 — 258157 


As far as the two toroidal shells are concerned, both the homo- 
geneous and the particular solutions were obtained by numerical 
integration. The equations to be integrated are obtained in a 
similar manner to those for the spherical cap. The end results, 
for the three problems discussed in the body of the paper, are 
given in Tables 2 and 3 for selected values of @. 

For both the spherical cap and the tori the relevant differential 
equations were integrated at 1/2-degree intervals. They have 
been tabulated at selected values only in the interest of brevity. 


Deformations of Spherical Cap and Tori in Terms of Edge 
Moments and Shears 


From the numerical integration results, and equations (22) 
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Table 2 Homogeneous solutions for the torus 


[degrees | Xi Yi Yo Ye 
90 138.312 0 0 0 0 100.000 0 0 
80 137.436 19.9667 26. 9497 — 308.088 —17.4430 99.5732 — 1.13201 19.4121 
75 133.919 66.6582 60.4184 — 458.036 — 26.0540 97.3145 —3. 80263 43.3145 
65 105.254 296 .827 164.522 — 723.376 —41.7541 78. 1068 —17.2784 116.148 
55 16.5967 760.072 305. 984 —867 .735 —51.0473 19. 9084 —45. 6552 211.045 
45 — 173.285 1447.04 452.979 —764.113 —45.2079 —97 —90.8128 308.265 
35 — 495.256 2246.90 551.354 — 296.931 —13.1170 —279. 601 — 149.353 358 455 
and (24), one can obtain the moments 7g and horizontal shears Table 3 Particular solutions for the torus 
H, at the various cut edges in terms of (;...Dzand the particular (a) Constant pressure of 60 psig. 


solutions. Equations are obtained of the form: (b) Hydrostatic + constant pressure of 34 psig. 
equation (45). 

{x} = [a] fy} + {bd} (52) (c) = Hydrostatic + constant pressure of 34 psig. 
equation (46). 


~ 


‘given by 


~ 


given by 


where the vectors x2, y, and b represent the edge moments and 


shears, the constants (, .. - D:, and the particular solutions, re- baal) P P Q Q 
spectively; the elements of the square matrix a are obtained oO 138 312 0 0 0 
from equations (24¢) and (24/) and the numerical integration 80 853.904 —12401.7 40.7612 703.820 | 
results. 75 2591.18 —28630.4 165.339 —2462.30 ? 
to ) he obtained: 35347  —190311 7549 58 —60000 9 
ne for the upper torus, one for the lower torus, and one for the 45 83105.9 —375583 25751.0 ~ 160617 
spherical cap. The vectors and matrices will be different for 35 176856 = —747203  68826.7 ~ 351001 
each shell, of course. Solving equation (52) in the usual way one 
obtains: 
= {x — dbf (53) 138.312 0 0 0 
80 835.426 —12230.3 40.0718 -~688 835 
Thus the constants (,, ete., can be determined in terms of the 75 2557.64. —28467.7 162.212 2418 .7i | 
edge moments and shears and certain numerical values. From 
— (23), (26), and (53) the be values of the rotation and 15 83385 4 377885 25685. 6 160662 
horizontal displacement of the shells can then be obtained in 35 177775 —752624 68829 8 251875 
terms of their respective edge moments and shears and certain 
constants. P P Q Q 
As an illustration of the foregoing procedure, consider the lower 90 138.312 0 0 0 
toroidal shell. Using the results of Tables 2 and 3, equations 80 447.354 —5502.27 32.5907 —474 487 
(24c) and (24f), the following relations may be written: 75 1226.70 —12924.9 105.382 133 12 
H; 0.972627 0.438807 —0.189225 —0.027618 18.5720 
—M; 1.72629 0.688086 —0.443837 1.00366 dD, 4 24.9655 
ot) 
A, —3. 79498 4.22484 —0.100511 —1.14444 C2 1362.23 
—M, 2.94168 23.0205 —3.65787 —2.88106 dD, 3610.01 
Solving equation (54) one finds: 
C, 3.31740 —0. 462363 0.965474 0.254244 H; —470.531 
dD, 0.747874 —O0.511089 0.734428 0.120877 M; n —590.741 (55 
= oo) 
C2 14.8947 55566 6.95393 1.66642 Hy, — 3822.45 
D, —9.54783 041081 —1.97482 —0.543197 M, 905.508 
From Tables 2 and 3, and equations (23) and (26), #6 and EV 
can be obtained in terms of (; ... Dz: and numerical values. 
Inserting the values for (, ete., given by equation (55) into these 
relations yields the following: 
EV'ss 1738.76 —447.940 997 479 180.315 H; 752,700 
—10984.5 1738.91 —3839.42 —1205.69 M; 4,317,510 
=. — 
1272.11 — 190.27 1428.43 473.45 H, 847,335 
4050.20 —1052.34 8043.90 1428.43 M, 12, 663,650 
The superscript lon the EV’s, ete., refers to the lower torus. to the edge moment WV, and edge shear H, (see Fig. 2a) can be 
Iquations similar to equation (56) can also be obtained for the | obtained from relations similar to equations (28) and (29) (and 
upper torus and the spherical cap. omitting the pressure terms). The skirt also has a vertical 


compressive force induced in it equal to 


Deformations of Cylindrical Skirt 


The edge horizontal displacement and rotation of the skirt due 


W (C; 


No. = = 
R 
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where 


W = weight of vessel and contents 
R,, = radius of skirt 


ind (), Cy are given by equations (45) and (46), respectively. 
Due te N,, the skirt experiences an additional outward dis- 
placement given by 


Aé,, -——-yN (58) 


The edge moment VW, and shear Hs; can also be expressed in 


terms of the edge moments and shears on the tori at @ = 75 deg. 


From Fig. 2 one finds 


(H H 
(59) 
— N ale 
R., 
here 
horizontal radius at @ 79 deg 


horizontal distance between the line of action of V.. and 


the middle surface of the torus at o 75 deg 


The Equations of Compatibility 


As has been indicated in the foregoing pages, it is possible to 
obtain all the neeessary horizontal edge displacements and edge 


rotations in terms of H,... Hy, My... M4. 


The following equa- 
ions summarize the deformations of the vessel considered 
herein, Le., Pig. 1, skirt at @ = 75 deg, hydrostatic pressure plus 


in additional pressure of 34 psig: 


H, Ms 
={ 13391 .5 2158.71 
2158.71 695 96S 
hoy 25728 2 8147.55 126030 8037 .23 
x 2) EVs —3471.33 7925.66 3353.99 
Ké 126600 5 4962.31 SO2Z0 44 
SOT2 OS 336018 3405 95 
=| 14368 4 23¢7 
EN 2377.10 TSH 536 
2 2) KI 
-K6 
ho 
EI 


In the equations just given 6 is positive outwards and EV posi- 
tive when the tangent rotates clockwise on the left-hand side of 
the vessel. The equations of compatibility are thus: 
E6. = Eby EV, = EV 
E6";5 = EV“, = EV,, 
Ké, EV, = EV ss 


(O61) 


From equations (60) and (61) a system of eight linear simul- 
taneous algebraic equations in the eight unknowns H,... VW, is 
obtained, Solving these in the usual way one obtains: 
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H, = 296.156 M, = 228.181 
H, = —258.980 M, = = 1434.42 ! 
(62) 
= —852.253 My = —1249.71 | 
H,= 1107.41 M,= 1510.42 } 


Using these values in conjunction with equation (59) the follow- 
ing are obtained for the shear and moment acting on the skirt: 


H, = —591.974 M, = 2166.88 (63) 


Determination of the Stresses 


Having found the unknown H’s and MM’s, the next step is to 
determine the constants C, ... Dz for the various shells. These 
constants are found from equation (55) and others similar to it. 
The various stresses throughout the shells are then found by 
utilizing these constants, Tables 1, 2, and 3, and equations (22), 
(23), and (24). The detailed calculation of the stresses will not 
be presented herein; however, the final stress distribution through- 
out the torus for the case being considered is shown in Fig. 5. 

The stresses in the spherical cap and the cylindrical body of the 
vessel can be determined relatively easily. However, as they 
are not asglarge as the stresses in the torus, they were not calcu- 
lated, The stresses in the skirt, at its point of attachment with 
the torus, are, however, quite substantial and were computed. 
The final stress distribution in the skirt is shown in Fig. 7. 
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DISCUSSION 
L. P. Zick’ 


The author has done an excellent job of analyzing a specific 
example of a torispherical head which has proportions that 
place it beyond the empirical torispherical head rules of the 
Code. Of particular interest is his comment on the high cireum- 
ferential compressive stress over the entire knuckle region. 

In 1944, Mr. H. C. Boardman [9]? analyzed a sharp intersection 
between a cone head and a cylindrical shell, and he proposed 
rules for compression ring reinforcements. Par. UG-32(g) and 
UA-4(f) of Seetion VIII of the ASME Boiler and Pressure Vessel 
(UPV) Code provide similar reinforcement rules for sharp inter- 
sections of conical heads having a half apex angle of 30 deg or 
less. These rules are based upon the premise that the compres- 
sive stress of the composite compression ring region should not 
exceed the allowable tension stress value. 


The same limit is 
specified in Par, UG-23(b)(1) for the allowable compressive stress 
in cylindrical shell. 

. If the +.) nferential compressive stress in a 6 per cent tori- 
spherical xnuckle (ZL = 2f) is limited to the allowable tensile 
stress as it is in other parts of the UPV Code, then such heads hav- 
ing a cylindrical radius/head thickness ratio greater than 35 ap- 
pear to be underdesigned when present Code head rules are used. 
Fig. 9 has been developed empirically to point up the region where 
this becomes important. 


7Research Engineer, Chicago Bridge & Iron Company, Chicago, 
Ill. Mem, ASME. 

8 Numbers in brackets from 9 to 12 designate References at end of 
discussion. 
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Fig. 10 gives the proportions for an ASME standard (6 per cent) 
torispherical head and an assumed shape to permit analysis of the 
head similar to that used for sharp conical head intersections. 
The spherical portion is continued to its intersection with the 
cylindrical shell. The unbalanced inward force at the junction is 
0.866PR where P is the internal pressure and ? is the eylindrieal 
radius. The internal pressure acting on the vertical projection 
of the effective compression region reduces this inward, un- 
balanced force. 

If the knuckle alone is assumed to resist the unbalanced force 
at a compressive stress equal to the allowable tensile stress, all 6 
per cent torispherical heads would have to be about 2.5 times as 
thick as now required by the Code. However, the effective area 
is greater than just the knuckle region in the smaller diameter 
thicker heads. Also, the very large thin heads are not stressed 
uniformly throughout the knuckle region so an area less than the 
knuckle region is effective. 

Therefore, the curve in Fig. 9 for the 6 per cent torispherical 
head is based upon the assumed effective compression region 
shown in Fig. 10 for the assumed shape. The material within « 
distance of 0.7 times the square root of the product of the tangent 
radius and the actual thickness on either side of the junction is 
included. The internal pressure acting over a vertical height of 

2V7RT will reduce the inward unbalanced force. The net un- 
balance will produce a circumferential compressive force Fin Ib 
which is given bv the following equation: 


F = O0.866PR? — 1.2 PR4/T/R (64 

The compressive circumferential stress over the assumed effec- 
tive region is 

F 0.866 — 1.2./T/R 


- (65 
A L7TRVT/R 
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Fig.10 ASME standard (6 per cent) torispherical head 
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Then 


if 0.510 0.706 


(66) 


If the circumferential compressive stress S is not to exceed the 
allowable, the required thickness of the head is obtained from 
equation (66), 
ficiency 

On the other hand, the thickness of the torispherical head, ac- 
cording to UPV Code, is 


Since the compressive stress governs, a joint ef- 
100 per cent is assumed 


L77PR 67 
SE — 0.10P 
which for low pressures reduces to 
67 
SR (67a) 


Phe UPV Code does not recognize the maximum stress as com- 
pressive so the joint efficiency is based upon tension. 

If the allowable stresses in compression and tension are as- 
sumed to be the same and F, the joint efficiency in tension, is 


O.80, the ratio between these computed thicknesses is given by 


T 0.80 R 
c= -— = —]|05104/— — 0.706 (68) 
a 
ol 
0.319) = 0.23 \ (68a) 


The values of ¢ for various RY 7’, values have been plotted in 
Pig. 9 for torispherical heads with 6 per cent knuckles and Z = 
ZR. The coefficient ¢ represents the maximum factor by which 
the Code thickness of the head should be increased to limit the 


ircumferential compressive stress to the allowable stress value. 
It might be argued that this curve represents a head made of a 
spherical segment (plus a flange) having a spherical radius twice 


O.S0 
as great as the eylindrical radius. On the other hand, the correct- ' ait 
ness Of this approach is partially substantiated by plots of the = _08 : E = 2h ] 9 
imples listed ns follow 2(1.77) O.12R 
——Torispherical head-——~ 
Cylindrical Spherical Knuckle 
shell — tad. = L, tad. =r, '. 
Source in: t, in. in. in. in. temarks 
Cralletly 138.23 0.460 221 18.31 0.625 Analysis 
PVRC 30.0 0.125 60.0 3.625 9.125 SR-4 measured 
Ala. Poly. 
PVRC 3.75 ~ 0.100 7.5 0.45 0.100 SR-4 measured 
Purdue [11] 
This approach does not account for benefits that are un- From Fig. 9 it can be seen that the sharp intersection approach 


doubtedly gained by increasing the knuckle radius above 6 per 
cent. Also a smaller spherical radius will reduce the unbalanced 
force and therefore the compressive stress in the knuckle, 

Table UA-4.2 of the UPV Code gives values for the constant 
1/403 + in the formula for determining the required 
thickness of a torispherical head. If the average circumferential 
compressive stress at the sphere-knuckle junction (jt. A Fig. 10) 
is limited to the allowable tension stress, a correction factor ¢ 
depending upon L./r should be applied to the Code thickness. 

The primary membrane stresses on the side of the spherical 
element at junction A (if the members are cut at A) are the same 
both in the circumferential direction (72 lb/in.) and the meridio- 
nal direction (7/ lb/in.). These are given by 
64 / 
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PL 
PR 


(69) 


On the knuckle side of junction A, the 7; stress is the same as 
The 


in the spherical portion. stress (circumferential) is ob- 


tained from the equation 
PL 


2r 


(70) 
L r L 


Then on the knuckle side 


L 
T; = PL (: 


This stress is the maximum calculated compressive circum- 
ferential membrane stress in the knuckle but does not exist. Since 
continuity exists between the knuckle and the spherical cap, the 
final circumferential stress in the head ean be estimated to be the 
average of the 72 values given by (69) and (71). 


PL ( L ) 
af 
4 r 


If 7’, is the head thickness as calculated according to the Code, 
and 7’ the thickness of the head which would give stresses not to 
exceed the allowable tension, and ¢ the ratio 7°/7',, then the thick- 
ness of the head should be 


(71) 


avg = (72) 


but from the Code 


and combining (73) and (74 


E 
c= 


OM (3 — L/r) 


For the 6 per cent torispherical head shown in Fig. 10 with BE = 


gives smaller ¢ values except for 2/7’, values in excess of 700. 
At the other extreme, an L/r value of 6.5 would result in ae 
value of 1 by averaging the circumferential membrane stresses 
at the discontinuity. In other words, Code designed torispherical 
heads having L/r ratios up to at least 6.5 appear to limit the 
circumferential compressive stress to the allowable tension stress 
or less for all values of R/7. As either or both ratios Z/r and 
R/T’, increase, the present Code permits an increase in the cir- 
cumferential compressive stress. 

A 3:1 ellipsoidal head has about the same depth as an ASME 
standard (6 per cent) torispherical head. The minimum tangent 
radius is slightly greater than 6 per cent of the diameter of the 
eylinder. The tangent radius varies continuously, which elimi- 
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nates the discontinuity except at the head-to-cylinder junction. 
This discontinuity can be analyzed assuming the elements of the 
head to be beams on an elastic foundation [12]. The maximum 
circumferential compressive stress was determined for 3:1 ellip- 
soidal heads having various R/T, ratios. The required head 
thickness was determined by limiting this maximum calculated 
stress to the allowable tension stress. c¢ values were determined 
by comparing this thickness with the thickness required by the 
present Code. These are plotted in Fig. 9. 

The present Code requires a 3:1 ellipsoidal head to be slightly 
thicker than the 6 per cent torispherical head having the same 
depth. However, it is apparent from Fig. 9 that the circumferen- 
tial stress can be reduced substantially for high ratios of R/T, 
by going to fhe ellipsoidal shape. Another approach would be to 
use more than one radius in the knuckle so that the discontinuity 
stresses are reduced and so that the unbalanced inward force is 
spread over a wider band of the head. 

For very large R/T, ratios, consideration should be given to 
the possibility of local buckling due to these cireumferential com- 
pressive stresses. For values up to 1000, this should not be a 
problem in torispherieal and 3:1 ellipsoidal heads. However, it 
may start to govern the 2:1 ellipsoidal head at R/T, = 650. 
The maximum cireumferential compressive stress in a 2:1 ellip- 
soidal head has the same magnitude as the circumferential tension 
stress in the eylinder when they are the same thickness. 
the knuckle approximates a torus, which in turn becomes a 
evlinder as the diameter of the center line of the torus approaches 
infinity, the allowable compressive stress should be limited as now 
required for cylindrical shells in Par. UG-23(b) (2). 


Since 


Although this discussion has not included toriconical heads and 
reducers, the same general approach is applicable. This crude 
approach is offered in an attempt to define the region where 
caution is warranted. A series of calculations such as those pre- 
sented by the author and/or a series of measured stresses would 
be more appropriate and would bring out the effect of increasing 
the knuckle radius. 

The writer assumes that the author is considering the high local 
bending stresses in the meridional direction when he determines 
the collapse by his limit analysis and when he refers to brittle 
fracture. This is implied since he speaks of choosing yield hinge 
points at the mid-point of the torus, ete. The stresses in this 
direction are tension on one surface and the writer assumes that 
such stresses are required in speaking of brittle fracture. Does 
the high circumferential compressive stress in the knuckle region 
contribute in any way to the collapse pressure or brittle failure 
determined by the author’s limit analysis? Although a defect is 
mentioned in the conclusions, the writer gets the impression from 
reading the paper that the limit analysis predicts failure of a 
brittle material even though the so-called defect is limited to the 
nonhomogeneity of the material and/or weld metal. 

The writer has been unable to find in the literature a tie-in be- 
tween biaxial stresses and brittle failure where one of the stresses 
is compressive. On the other hand, a high compressive stress 
would contribute to the transverse strain due to Poisson’s ratio. 
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R. T. Shield’ 


The author is to be congratulated for an excellent contribution. 
There is no need to stress the significance and practical value of 
his work. 

The writer would like to mention that since this problem was 
brought to their attention by the author, Prof. D.C. Drucker and 
the writer have used limit analysis to predict the limit strength 
of thin-walled pressure vessels with an ASME. standard head.” 
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The ASME standard torispherical head is such that the radius of 
the toroidal knuckle is 6 per cent of the radius of the spherical cap 
which in turn is equal to the diameter D of the cylinder. The re- 
sults of the work show that the present ASME. Code for Unfired 
Pressure Vessels is unsuitable when the design or working pressure 
The 
limit pressure np? predicted by limit analysis for a head of uni- 
form thickness ¢ is given by the full curved line in Fig. 11 
which is a plot of ¢/D versus np?/oy. A seale is also given for 
np? with the value 30,000 psi for the vield stress oo. 


is low (less than 100 psi, approximately, for steel plate). 


p? is the 
design pressure and n the factor of safety against collapse. The 
two straight lines marked ¢/D = 1.77np?/2 XK 0.800 and t/D = 
L.77np?/20) show the thickness ratio t/D as specified by two 
interpretations of the ASME Code. It may be seen that for 
np” in the vicinity of 100 psi and below, the safety factor against 
reaching the limit pressure at operating pressures may be danger- 
ously low for a head designed according to the Code. 


Author’s Closure 


The author wishes to thank Messrs. Zick and Shield for their 
generous comments on his work and also for their contributions 
to the paper. 

Even though it was derived on an approximate basis, Mr 
Zick’s Fig. 9 should be of value to the designer as it delineates 
As Mr. Zick states, 
it would be most helpful to conduct experiments and make 


the geometries where caution is required. 


* Brown University, Providence, R. I. 

1 R. T. Shield and D. C. Drucker, ‘‘Limit Strength of Thin-Walled 
Pressure Vessels With an ASME Standard Torispherical Head,’’ to 
appear in the Proceedings of the Third U. S. National Congress of 
Applied Mechanics. 
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accurate calculations in order to check the validity of Fig. 9 
ce for various percentages of knuckle-radius head-diameter ratios. 


In so far as the calculations are concerned, the author might 
mention that he has calculated, on a computer, the influence 
coefficients for a number of toroidal shell geometries which will 
make the accurate analysis of torispherical shells much easier. 


The author hopes to present this work in the near future. 

The additional limit analysis results cited by Professor Shield 
In reference [10], Professors Shield and 
Drucker also gave another interpretation of these results and it 


are most interesting. 


seems to ne their feeling that the provisions of the Code give a 
smaller factor of safety than that desired for D/t ~ 60 and above. 
This is in rough agreement with Mr. Zick’s estimate of D/t = 35 
and above 


at 
“a 
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The high circumferential compressive stress does play a part in 
the determination of the limit load and the author refers Mr. 
Zick to reference [10] for further details. 

There is also a minor error in the paper which the author would 
like to correct at this time. When the vessel is filled with water, 
the meridional direct stresses in the torus due to the skirt reaction 
(see page 53 of the paper) should read as follows: 

Above the skirt attachment: Ao = 165 psi 
Below the skirt attachment: Ao = 4180 psi 


These values can be checked from Equations (24a), (44), (45), 
and (46); the new values do not affect the conclusions of the 


paper. 
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with hysteresis. 


Introduction 


Drtus NG by vibration! is accomplished by super- 
imposing longitudinal vibrations, at some frequency in the range 
of about 100 to about 1000 cycles per second, onto the drill bit of 
an otherwise conventional rotary drilling system. 

A number of laboratory and field models of vibratory drilling 
machines have been designed, constructed, and used in experi- 
mentation. The latest version encompasses a magnetostriction 
transducer that follows a 10!/2-in-diam rotary bit down the drilled 
hole. Details of the designs and performances of these systems 
are described elsewhere [1, 2].? 

The basic feature of all the models of vibratory drilling systems 
is a column which is vibrated longitudinally at or near the reso- 


1 This new method of drilling was investigated at Battelle under the 
sponsorship of Drilling Research, Inc., an organization supported by 
a number of companies associated with oil production for the purpose 
of studying new methods of drilling. 

2? Numbers in brackets designate References at end of paper. It is 
planned to prepare for future publication the significant contents of 
those references cited that are not readily available to the general 
reader. 

Contributed by the Petroleum Division and presented at the 
Petroleum-Mechanical Engineering Conference, Denver, Colo., 
September 21-24, 1958, of Tue American Society of MECHANICAL 
E\NGINEERS. 


Note: Statements and opinions advanced in papers are to be 


understood as individual expressions of their authors and not those of 
the Society. 
1958. 


Manuscript received at ASME Headquarters, July 17, 
-aper No. 58—PET-21. 


Nomenclature 


Drilling by Vibration 


An analysis is presented of the process of vibratory drilling, based on the assumpticn 
that the load presented by the bit vibrating on the rock to the vibration generator, a 
magnetostriction transducer, can be represented by a force-displacement characteristi 
The conclusions reached are compared with experimental observations 
on the performance of vibratory drilling systems. 


nant frequency of its fundamental mode. One end of the column 
is essentially free, as far as the vibrations are'concerned, and the 
other end is loaded by the bit acting on the rock. Since the effec- 
tive impedance of this load is small compared with the character- 
istic impedance of the column, the fundamental mode of vibration 
of the column is close to that of a free-free bar, one half wavelength 
long. 

Magnetostriction transducers were employed to drive the vi- 
brating column for most of the experimental work in vibratory 
drilling, although some preliminary work was done with electro- 
dynamie transducers. Use of electroacoustic devices to gen- 
erate the vibrations affords the distinct advantage of the absence 
of sliding or rolling bearing surfaces which must be sealed off 
from the abrasive drilling fluid. On the other hand, they require 
means for generating and controlling up to about 200 kw of elec- 
trie power and for transmitting it down the drill string. The 
magnetostriction transducer is more readily adapted to the re- 
quirements imposed by operation down a hole being drilled than 
the electrodynamic transducer, considering the limitations on 
lateral dimensions and the need for transmitting large steady 
forces and torques through the transducer. 

The purpose of this paper is to present a comprehensive theory 
of vibratory drilling, in which the interaction between the load 
and the transducer is taken into account in determining per- 
formance. The theory presented in this paper is developed for 
the case of a magnetostriction transducer, but the same analytical 
techniques would be applicable to the uses of other types of 


transducers. 


cross-sectional area of nickel F = instantaneous foree between gia, 8) = W/Ki& dimensionless func- 
in the transducer, in.? the bit and the rock, Ib tion of @ and 8 
= Sas al areé “Ke 4 » nts ia, 4 

cross-sectional area of nickel implitude of fundamental /(@, (L,/L Kiko limension 
and steel in the transducer, component of magneto- less funetion o a@and 
in.? strictive driving force, lb kK, stiffness of rock for downward 

C = 2nfZ,/K\Q;, dimensionless F,. = maximum safe amplitude of 
Ky = stiffness of rock for upward 
parameter force alternation at center é 
th motion of bit, Ib /in. 

D = bit diameter, in. K equivalent. stiffness of rock 

E = vibratory energy input to Fo = peak value of the force be for fundamental component 
rock per cycle of vibration, the bit and the rock, of 
Ki, = longitudinal stiffness of the 

r = gitudinal stiffness of the 

E, = rotary energy input to rock cone transducer, lb/in. 

per effective loading of the anes L = torque required to rotate bit 
bit teeth on the rock in in absence of vibrat ion, 
presence of vibration, in-lb fiopt) = optimum value of operating lb 

E, = rotary energy input to rock frequency, cycles/sec L, torque required to rotate bit 
per effective loading of the fia, 8) = E/(1/2)Ki&?, dimensionless in presence of vibration, 


bit teeth on the rock in ab- 
sence of vibration, in-lb 
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Theory of Transducer Operation 


Magnetostriction transducers convert electrical power to 
vibratory mechanical power (and vice versa) by application of 
the magnetostriction effect. This effect is the change in dimen- 
sions of certain ferromagnetic materials when magnetized and, 
also conversely, the change in magnetic properties which occur 
when the materials are strained mechanically.’ 

The transducers used for vibratory drilling are constructed of 
nickel, which shrinks in the direction of the applied field when 
magnetized, up to a maximum strain of about —37 & 1076 for 
annealed nickel at magnetic saturation. In order to obtain the 
maximum amount of vibratory power output from the trans- 
ducer at least sacrifice in electromechanical conversion efficiency, 
the transducer is operated with a suitable combination of bias and 
alternating magnetic fields so as to vary the magnetic induction 
from about zero to a reasonable approach to saturation. These 
magnetic fields are provided by direct and alternating current, re- 
spectively, in copper windings. 

Despite the nonlinearity of the transducer operation associated 
with high power levels and despite the nonlinearity of the rock 
load, much of the linear theory of transducer operation can be 
applied to obtain good approximations to the performances of the 
transducers used in vibratory drilling. This occurs essentially 
because the transducer vibrates predominantly in its fundamen- 
tal mode when the driving frequency is tuned to the fundamental 
resonant frequency of the transducer, The resonant frequencies 
of the higher modes of vibration are harmonically related to that 
of the lowest mode only for the special case of a uniform character- 
istic impedance along the length of the vibrating column and a 
purely resistive load. Under practically all cireumstances of 
vibratory drilling, the stress variations at the node of the trans- 
ducer are found to be reasonably sinusoidal 

The excitation of the transducer is conveniently expressed for 
the 
amplitude of the fundamental component of the magnetostrictive 


the purposes of the subsequent analyses in terms of F,,, 
driving force. The magnetostrictive driving force is defined as 
the force which would have to be exerted to obtain complete con- 
straint to magnetostrictive strain, Since the maximum amplitude 
of the fundamental component of the magnetostrictive strain 
variation would be about 15 & 1076 for nickel, the maximum 


3 Reference [3], for example, contains a comprehensive account of 
the magnetostriction effect 


Nomenclature 


value of F,, would be about 450 psi Ani, where Ay; is the cross- 
section area of the nickel portion of the transducer. 

At fundamental resonance, the amplitude of the displacement 
at the ends of the transducer, &, assumed to be sinusoidal, is 
given by [2] 


fo = (2/m)QF,,/fZ. (1) 


where f is the resonant frequency and Z, is the characteristic im- 
pedance of the transducer. Z, is given by 


Z.= (2) 


where W, is the weight of the transducer and K,, is the longitu- 
dinal stiffness of the transducer. 

Equation (2) is a good approximation if the weight per unit 
length and the stiffness of a unit length do not vary too much 
along the length of the transducer. Z, is customarily expressed 
in terms of cross-section area, density, and either Young’s modu- 
lus or sound velocity, but the form given is more useful for a com- 
posite structure of nickel laminations, copper windings, electrical 
transmission lines, steel jackets, and bonding, insulating, and 
impregnating materials. 

Equation (1) for & applies, strictly speaking, only to the case 
where the entire length of the half-wavelength vibrating column 
is occupied by the transducer and if the nickel of the transducer 
is uniformly excited magnetically along the entire length of the 
transducer. Equation (1) could be applied, however, to cases 
which depart from these ideal conditions by suitably defining 
effective values of F’,, that are less than its ideal value for uniform 
excitation of the entire column. Analytical procedures for com- 
puting the effective value of F,, can be developed from the gen- 
eral theory presented in reference [4]. The effective value of F,, 
for any actual system is related to the effective value of the co- 
efficient of eleetromechanical coupling for that system, which lat- 
ter quantity can be determined from motional impedance meas- 
urements [2]. With this understanding regarding the use of an 
effective F,,, the terms ‘transducer’ and “vibrating column”’ are 
used interchangeably throughout this paper. 

@ in Equation (1) is defined as 27 times the ratio of the stored 
vibratory energy in the transducer at the fundamental frequency 
to the total energy dissipated per cycle of vibration, the energy 
dissipated into all internal and external sources of energy loss. 
If F is the energy output per evele of vibration into the rock load 


tions of loadings of the bit 
teeth on the rock per revo- 


effective number of applica- Q,; = 2m times the ratio of vibra- Z. = characteristic impedance of 
tory energy stored in the 
transducer at resonance to 


the transducer, lb-see/in. 


= K,/K,, dimensionless parame- 
lution, dimensionless the amount of vibratory 
p vibratory power output from where per cycle except into GO = &,/&, dimensionless parame- 
the transducer to the rock, useful work in the rock load, — 
in-lb/see dimensionless parameter &, = mean position of vibrating 
Ro = rate of penetration of the bit, bit with respect to rock 
P(max) = maximum value of vibratory in/sec surface, in. 
power output from the S = drilling strength of the rock, £ = amplitude of sinusoidal vibra- 
transducer to the rock, in- Ib/in.? tion of bit, in. 
W = weight on the bit, lb 
Q 27 times ratio of vibratory Wir = weight of the transducer, lb g, = amplitude of stress variation 
energy stored in transducer y instantaneous displacement of at the center of the trans- 
at resonance to the total the bit into the rock, in. ducer, Ib/in.? 
amount of vibratory energy Yo = peak value of the displace- O,, = maximum safe value of stress 


dissipated per cycle, dimen- 
sionless parameter 
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ment of the bit into the 
rock, in. 


level amplitude at center of 
the transducer, |b/in.? 
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and Q; is 27 times the ratio of stored energy to that dissipated 
into all other sources except into the useful load, then [2] 


(1/Q) = (1/Q;) + £07, (3) 


since the stored energy is (4?/2) fZ,£0?. 

The elimination of Q between Equations (1) and (3) would 
establish a relationship between E and &j as determined by the 
characteristics of the The establishment of an 
additional relationship between E and &, as imposed by the 
characteristics of the system consisting of the bit acting on the 
rock, would enable both E and £) to be computed, and hence, also 
the vibratory power ovtput to the rock, P = fE. 


transducer. 


Fundamentals of Rock Drilling 


The results of an experimental and theoretical study of the 
basie action involved in rock drilling by mechanical means, the 
momentary loading of chisel-like tools on the surface of the rock 
at the bottom of the drilled hole, demonstrated that the volume of 
rock fractured out in rock drilling should be just about propor- 
tional to the mechanical energy input to the rock over a wide range 
of operating and design conditions [5]. The rate of penetration 
should, hence, be proportional to the mechanical power input to 
the rock per unit area of hole. An approximate formula developed 
in reference [5] for the rate of penetration R of a bit is 


R = 2.0P/D°S (4) 


where P is the power input to the rock, D the diameter of the 
hole, and S is the drilling strength. S is the ratio of impact 
energy to volume of rock broken out by the impact of a sharp 
chisel with an included angle of 90 deg onto the smooth surface 
of a rock sample. The value of S, averaged over several impacts, 
is a constant independent of the energy level or of the length of 
the chisel, for depths of penetration considerably less than the 
length of the chisel. 

It follows from these considerations that the attainment of 
substantial increases in the rate of penetration depends upon the 
development of means whereby the rate at which the rock will 
accept mechanical energy could be appreciably increased. This is 
the intended funetion of vibratory drilling. The results of the 
fundamental study indicate that little would be gained by at- 
tempting to improve the efficiency of utilization of mechanical 
energy to break rock under the types of loading imposed by 
down-hole conditions and within the strength limitations of 
present bit materials. 


Bit Force—Displacement Characteristic 


It was found in the fundamental study of rock drilling that the 
relationships among the force, displacement, and volume of rock 
broken out for a chisel are only a very slowly changing function of 
the rate of loading. This is in agreement with the known be- 
haviors of other brittle materials [6]. However, this conclusion 
would not be expected to be valid for rocks which exhibit a 
significant degree of ductility prior to fracture, such as a few 
rocks do at atmospheric pressure, and as many rocks do at the 
temperatures and confining pressures of some bottom-hole con- 
ditions. 

This result suggests that, for the brittle state of rock at least, 
the characteristics of a given bit vibrating on a given rock could be 
represented by a relationship between the force between the bit 
and the rock, Ff, and the displacement of the bit into the rock, y, 
such as shown in Fig. I(a). 


This relationship is taken to consist 
of two straight lines in order to simplify the analysis. The actual 
shapes of the curves for a rotary bit are not known; but there is 
some evidence, to be discussed later, that they cannot be straight 
lines. 


However, the salient features of the analysis can be 
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demonstrated equally well and many signifieant conclusions can 

be obtained by using the assumed straight-line relationships. 
The assumed force-displacement relationship is represented 

analytically, for a given maximum displacement yo, by 


F = Kyy, forO < y < yo and dy/dt> 0 


F = Ky — (Kz — Ki)yo, 


for k, (5) 
and dy/dt < 0 
F = 0, for (1 — Ki/Ke)yo 2 y 2 Oand dy/dt < 0 


Fig. 1(b) shows the displacement of the bit as a function of time, 
t,in terms of 6 = 27ft. The bit is assumed to undergo a sinusoidal 
displacement of amplitude & about some mean position &,, repre- 
sented analytically for one complete cycle by 


y = &cos8+ &, for —r < O< 4m (6) 


Fig. l(c) shows the relationship between F and @ for two suc- 
cessive cycles of vibration. This is the type of waveform be- 
tween the bit and the rock that is observed experimentally in 
vibratory drilling. The fraction of the cyele for which the force 
is different from zero is termed the “‘on-time’’; Fig. 1(c) illustrates 
an on-time of about 50 per cent. 

If & and & are varied so that + & = y remains constant, 
the peak force Fy would be constant but the on-time would vary 
This is done in practice by adjusting the amplitude of vibration 
and the weight on the bit. The energy input to the rock per 
cycle, F, the area of the indicator diagram of Fig. I(a), would 
then remain constant, and hence, so would the power input. to the 
rock P = Ef, if the frequency is not changed. The experimental 
observation that the rate of penetration obtained at a given level 
of peak force is essentially independent of on-time, up toa certain 
value of the on-time, contributes some evidence for the validity 
of the basic assumption regarding the existence of force-displace- 
ment characteristics with no significant rate of loading effeet for 
brittle rock. Above a certain value of on-time the rate of pene- 
tration either increases or decreases with on-time or remains 
approximately constant, depending upon the circumstances dis- 
cussed hereafter. 

It is seen from Figs. I(d@ and ¢), the latter figure representing 
100 per cent on-time, that complications arise when & is greater 
than &. Only the portion of the area of the indicator diagrams 
labelled FE on the figures represents energy supplied by the vibra- 
tion of the bit: the remainder, labelled E,, is supplied by the 
loading and unloading of each tooth of the bit as the bit rolls 

The fact that the force-displacement relationship for the teeth 
that are in the process of loading as the bit rolls is not the same 
as that for the teeth that are simultaneously unloading produces 
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a moment which tends to resist rotation, The mechanical power 
input to the rock in conventional rotary drilling is supplied by the 
torque which must be applied to counteract this moment to rotate 
the bit. It is thus seen that the basic mechanisms of conventional 
rotary drilling and of vibratory drilling are quite similar. Whether 
the total power developed at a given peak force level increases 
or decreases for on-times corresponding to & > & would depend 
upon the effective number of cycles of FZ, per second as compared 
with the vibration frequency, f. The former quantity would de- 
pend upon such factors as the rate of rotation, the diameter of the 
bit, and tooth spacing. 

\ conceptual difficulty is associated with the assumed indicator 
diagrams of. Figs. 1(¢) and (e), in regard to the instantaneous in- 
crease of vibratory force from zero to some finite value at the end 
of one cycle of vibration and the beginning of the next. This 
difficulty arises from the fact that y is not equal to zero at the 
beginning of the cyele for & > &. The difficulty may be formally 
obviated by considering that the bit is first loaded to the displace- 
ment & — &, a eyele of vibration takes place, and then the bit 
is unloaded to y = 0 and reloaded to y = & — & on another por- 
tion of the rock before the commencement of the next cycle of 
vibration. 

It is understood, of course, that this formalism is not intended 
to be descriptive of the actual details of the vibratory drilling 
process. Although the weight on the bit is nominally constant, 
but may actually fluctuate violently under some down-hole cireum- 
stances, the loads on individual teeth of the bit increase and then 
decrease more or less slowly compared with the frequency of 
vibration, depending upon the speed of rotation of the bit and the 
radial position on the bit of the tooth in question. Hence each 
eyele of vibration encounters a different loading condition as far 
as an individual tooth is concerned. The formalism mentioned, 
however, enables an analysis to be made from certain assump- 
tions regarding the action of the bit as a whole without regard to 
the details of the actual process, which would be practically im 
possible to take into account. However, beeause of these de 
tails, the foree-displacement characteristics of a given bit would 
be expected to be a function of the ratio of the rotation frequency 
to the vibration frequency 


Computations of Power Output to the Rock 
The energy per cycle, F, is readily shown to be given by 


E = (1/2) 3 


(7 
wherein a K,/K, and 8B = £,/&. The dimensionless function 
f(a, 8) is given by 


) 


fla, B (1 a)l + 8)?, for -1 8B +1 


(1 — a\(1 + B)? — (1 — B)* for +1 < B 


1] for B 2 (2/a) - 1 
f(a, 8) is shown as a function of @ for four different values of @ in 
Fig. 2 
Substitution of Hquation (7) for Z into Equation (3) for Q, and 
Kquation (3) into Equation (1) for £, results in the following de 
termining equation for &): 
F,,/Kié = (1/4) (f(a, B) + (9) 
where the dimensionless parameter C is given by 
C = (10) 
The power output of the transducer to the rock is given by 


substituting for & given by Equation (9) into Equation (7) for 
E and multiplying by f, resulting in 
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P = [W/ fla, 8) + C/V fla, B® An) 


P has a maximum value of 
P(max) = F,,*Q;/7Z, (12) 


when f(a, 8) = C. In terms of P(max), Equation (11) may be 
rewritten as 


P/P(max) = 4/[W/f(a, B)/C + VC/fla, (43) 


It is of interest to note that the value of P(max), as given by 
Equation (12), corresponds to Q = Q,/2; that is, the power 
output to the load is maximum when the load is so adjusted that 
the dissipation of energy into the load and in the generator are 
the same, in agreement with the well-known result of linear 
theory. 

It is significant that the value of P(max) depends only upon the 
characteristics of the transducer and not upon the characteristics 
of the rock. P(max) is also independent of frequency. This 
means that, provided it is possible to adjust operating conditions 
so that f(@, 8) = C, the same amount of vibratory power can be 
fed into any type of rock. Nor is this adjustment of f(a, 8) too 
critical, since P is only 11 per cent less than P(max) for f(a, 8) = 
26 or 

The conclusion that the vibratory power output should be in- 
sensitive to variations in rock characteristics, if conditions of 
operation are somewhere near optimum, implies that the rate of 
penetration in vibratory drilling should be approximately in- 
versely proportional to the drilling strength of the rock, according 
to Equation (4). On the other hand, for conventional rotary 
drilling, the torque required to rotate the bit will be shown later 
to be proportional to W?[(1/A,) — (1/Ke)], where W is the weight 
on the bit. Hence the rotary power output to the rock, 27 times 
the product of the torque and the rate of rotation of the bit, should 
decrease rapidly as the rock gets harder (larger values of Ay, and 
kK.) or as the relative number of tooth loadings that break out 
large fragments decreases (A closer in value to A,). For rotary 
drilling, therefore, the rate of penetration should decrease more 
rapidly than inversely proportional to S at constant weight on 
the bit. 

These deductions are in agreement with experience. When 
drilling through inhomogeneous formations the rates of penetra- 
tion obtained by vibratory drilling fluctuate much less rapidly 
than those obtained by rotary drilling. For example, in the tests 
with the down-hole transducer, fluctuations in penetration rates of 
about 2.5 to 1 were obtained by vibratory drilling as compared 
with about 7 to 1 for rotary drilling in the same formation. 

Incidentally, this variation of torque with W? would imply 
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that the rate of penetration of a rotary bit should increase as W*. 
In practice, the rate of penetration of a rotary bit is found to be 
an approximately linear function of W which extrapolates to a 
positive intercept on the W-axis. This indicates that the use of 
straight lines to represent the force-displacement characteristic 
of a rotary bit is an oversimplification. 


Effect of Weight on the Bit 


It has been noted that the maximum power output is obtainable 
if the vibratory load on the transducer could be suitably chosen. 
The coupling between the vibrating transducer and the rock can 
be adjusted by changing the weight on the bit, since the weight 
on the bit determines the value of 8 = &,/&. If the bit is ad- 
vancing into the rock at a constant rate of penetration, the equi- 
librium position & must so adjust itself that the average value 
of the force between the bit and the rock equals the weight on 
the bit. This has been verified experimentally for the observed 
force waveforms. Thus, 


+n 
W = (1/22) (14) 
resulting in 
W/Kifs = g(a, 8) (15) 


g(a, 8) isa rather complex function that changes in algebraic form 
at 8 = 0, 1, (1/a@) — 1, and (2/a@) — 1. The required integra- 
tions within each range of values of @ are relatively straightfor- 
ward, however. g(a, 8) is shown as a function of 8 for four values 
of a@ in Fig. 3. 

Using 8 as a computational parameter, the value of P/P(max), 
as given by Equation (13), can be plotted as a function of W/F,,, 
the latter obtained by taking the ratio of Equation (15) to Equa- 
tion (9). The result is shown in Fig. 4 for C = 0.31 and for the 
four assumed values of a. This particular value of C corresponds 
tof = 300 cps, Z, = 6000 Ib sec/in., Q; = 100, and K, = 3.6 X 108 
lb/in. The values of the first three variables represent approxi 
mately the characteristics of the down-hole transducer; the 
value of K, was chosen as representative of its order of magnitude 
for a 10-in-diam rotary bit on hard rock. W/F,, = 0 corre- 
sponds to 8 = —1 and the maximum power output is obtained 
at values of 8 between —1/2 and —1/4. 

An outstanding feature of these curves is the fact that P/P 
(max) is a multivalued function of W/F,, in a narrow range of 
values of W/F,, to the right of the maxima. This is in agreement 
with experience. What distinguishes the various values of P/P 
(max) at a given value of W/F,, is the resonant frequency, which 
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increases monotonically along the curves from W/F,, = 0 
This is explained by the fact that the equiva'ent stiffness of the 


. + 
rock load, given by Keg = | F cos increases 


monotonically with 8. The change in resonant frequency of the 
transducer is given by + (1/27?)K,,/Z, for small changes in fre 
quency compared with the frequency of the unloaded transducer 
Frequency shifts in agreement with experience are obtained for 
values of of the order of 10° Ib/in. and for Z, = 6000 
sec/in. 

Since all points on the curves of Fig. 4 correspond to resonance, 
it should be possible to obtain as many as three resonances in the 
region of multivalued power as the frequency is varied at con- 
stant W and constant level of excitation of the transducer. It is 
not difficult in practice to obtain two resonances in this region, 
with the low frequency resonance at a higher level of vibration 
than the high frequency one. The third resonance has not been 
observed, probably because the lowest peak could easily he 
masked by the finite width of the neighboring higher peak. How- 
ever, systematic attempts to find evidence for the existence of 
third peak have not been made. 

Under certain conditions of operation a state of vibration may 
be obtained for which successive force peaks between the bit and 
the rock are alternately high and low. A subharmonic of the 
driving frequency is thus generated, similar to that obtainable 
electronically with bistable circuits. For solid bits with radial 
wings, such as those commonly used for percussion drilling, vibrat- 
ing on hard rock, it is relatively easy to generate the second sul) 
harmonic, and with care, as low as the eighth subharmonic has 
been produced. Hence the region of multiple values of P ean 
probably be more extensive and the curves more complicated in 
form than indicated in Fig. 4, probably for values of C less than 
0.31. 

hig. 5 shows P/P(max) as a function of W/F,, for C = 2.00 


#031 


FEBRUARY 1959 / 


5 
wee 
4 
era 
iol 
| 
| 
os} 
| 
06) 
| 
| 
| 
02} 
- 
| 
6} Fig. 4 
| 
Sr ° 
| 
| 
4; a} 
7 | .0 | 
i 
\ | 
| 
2} a 04} 
| | 
W/F 
Fig. 5 3 
} 
of 


It is noted that a region of multiplicity of values of P/P(max) 
does not exist and that the power output does not drop as pre- 
cipitously with increasing W/F,, to the right of each maximum 
as for C = 0.31. The maxima occur for this case at values of 8 
ranging between +0.5 to +1.0, that is, at higher on-times. 

It would apparently be advantageous if P would rise up to its 
maximum value as W/F,, were increased and remain at that 
level as W/F,, were further increased, such as is approximated 
by the curve for @ = 1/2 in Fig. 5. The value of the weight on 
the bit would then not be critical, as long as it exceeded a certain 
multiple of the magnetostrictive driving force. It is readily 
4((1/a@) — 1] and 
that the minimum value of W/F,, required would be (7/4) (3. — 
a)/(1 — a). tis seen from Fig. 5 that the optimum value of C 
would not be critical, since the desired condition is almost ob- 
tained for C = 2.00, whereas the optimum C would be 4.00 for @ 

1/2. Operation on the plateau of the curves is at 100 per cent 
on-time 


demonstrated that this would oecur for Co = 


The only variable in the parameter C, given by Equation (10), 
that can be changed to any great extent is the resonant frequency 
f. It would certainly be desirable to keep the ratio Q,;/Z, as 
high as feasible because P(max) is directly proportional to Q;/Z,, 
according to Equation (12). Q; is increased by reducing all 
sources of vibratory energy dissipation to as low levels as feasible. 
Not much can be done about Z, since it is desirable to fill up as 
much of the available space as possible with nickel in order to in- 
crease 


From the condition that C = 4[(1/a@) — 1] the optimum 


operating frequency, at which the power output of the transducer 
should be independent of weight on the bit above a minimum 
weight would be 


flopt — (16) 


Limitations of Results 


There are many limitations that must be considered before 
attempting to apply the results of this analysis to practical design. 
Some of these limitations are understandably imposed by the 
deviations of the basic assumptions from reality. The conditions 
under which the basic assumptions represent sufficiently close 
approximations to reality must be outlined as concisely as neces- 
sary and the analysis should be extended to include first-order 
corrections, at least, for the deviations. In addition, there are 
other limitations oa the analytical results imposed by such prac- 
tical considerations as stress and temperature limits which may 
prevent operation at P = P(max). 

Nodal Stress. The amplitude of the fundamental component of 
the nominal stress alternation at the node is given by [2] 


o, = (17) 


where Ay, is the area of the high modulus materials in the cross 
section of the transducer, that is, the nickel and steel casing. 

fo, exceeds the maximum safe operating stress for Q = Q,/2, 
it is necessary to operate at a lower power output than P = 
P(max) The maximum safe operating stress would be less than 
the fatigue strength of the nickel laminate by an amount that de- 
pends upon such considerations as the presence of points of 
stress concentration and of residual stresses in the structure of the 
transducer along almost its entire length, not only at the node. 
This is beeause the fundamental component of the stress ampli- 
tude does not decrease by more than (1 — +/3/2) = 13 per cent 
over a distance of 1/3 the length of the transducer centered about 
the node, because the even harmonics (particularly the second 
harmonic), which contribute practically nothing to the stress at 
the center of the transducer, become important away from the 
center, and because of the stresses produced by the force pulses at 
the bit. 
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For one modification of the down-hole transducer, the effective 
value of F,, was about 11,000 Ib, with Ay, = 37 in.? and Q; = 
125. Hence, at Q = Q;/2, the nominal value of the nodal stress 
amplitude would be 24,000 psi, as given by Equation (17), which 
is just above the fatigue strength of annealed nickel. 10,000 psi 
was found to be a safe operating value for the nominal nodal 
stress amplitude for the laboratory transducers. 

If o,, exceeds the maximum safe operating stress it must be 
reduced by decreasing Q, not by decreasing F,,. The latter 
expedient would reduce the power output in proportion to F,,’, 
whereas the former would produce much less of a decrease in 
power output. 

This is illustrated in Fig. 6. The upper solid curve of 
Fig. 6 represents the relationship between P/P(max) and Q/Q,; 
at a constant value of F,,. If the stress level at P/P(max) = 1 is 
too high by a factor of 2.5, for example, reducing F,,, by a factor 
of 0.4 would reduce the power output by a factor of 0.16, down to 
the lower solid curve at Q/Q; = 0.50. However, by maintaining 
the maximum F’,, and decreasing Q by a factor of 0.4 the power out- 
put is reduced by only 35 per cent, at the intersection of the two 
solid curves. The lower solid curve to the right of the point of 
intersection represents power output to the load as a function of Q 
at constant nodal stress level (decreasing F’,, with increasing Q). 

Iixpressed analytically, if ons is the maximum safe value of the 
stress level at the node and Fy, = AtrOns is the corresponding 
force level at the node, the maximum power output subject to the 
stress limitation is obtained when [2] 


Q(opt) = (1 1)F os (18) 


and has the value 


P,(max) = [1 — (19) 

This variation of power output with Q, subject to a maximum 
stress amplitude at the node, was verified experimentally with a 
transducer terminated on one end with a variable friction brake 
load. 

Efficiency. The over-all efficiency of conversion of input 
electrical power into the vibratory power in the rock load was not 
considered in the analysis. Altho zh maximum power output 
is the primary consideration, too low a conversion efficiency is 
distinctly undesirable because of the increased costs of operation 
necessitated by the excessively large power generating equip- 
ment required. The greater space required by the electrical 
transmission line in the drill string would also necessitate more 
powerful pumps for the drilling fluid. Hence, some sacrifice in 
power output is warranted if a distinct improvement in efficiency 
is thereby effected. 

The dashed lines of Fig. 6 represent the total mechanical power 
generated by the transducer as a function of Q, including both 
the useful power output to the load and all the vibratory power 
dissipated elsewhere. The total power generated is proportional 
to Q, as shown by the straight line from the origin, if there is no 
limitation on the nodal stress level. However, the total power 
generated becomes inversely proportional to Q, as shown by the 
lower dashed line, for operation at a constant safe maximum 
nodal stress. It is to be noted that only 50 per cent. of the total 
mechanical power output represents power into the load at Q = 
Q;/2; whereas at Q = Q;/4, for example, the efficiency of utiliza- 
tion of mechanical power is increased to 75 per cent and the power 
output to the load is decreased by only 25 per cent below P(max). 
The over-all conversion efficiency from electrical input power to 
the transducer to mechanical power in the load would also be in- 
creased thereby by almost the same factor for a well-designed 
transducer. 

It would seem, therefore, that from both the viewpoints of 
nodal stress and improved efficiency, it would be preferable to 
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operate at values of Q less than Q;/2; that is, to the right of the 
maxima of the curves of Figs. 4 and 5. The optimum shape of 
the curve of P asa function of W/F,, would then be one for which 
the plateau to the right of the peak is approximately 25 per cent 
or so lower than the peak; that is, for C & 2[(1/a@) — 1] rather 
than 4{[(1/a@) — 1]. The curve for a = 1/2 of Fig. 5 would 
represent this condition. The optimum value of the operating 
frequency would then be approximately half of that given by 
Equation (16). 

Frequency. An upper limit to the frequency of vibration is de- 
termined by the ability of the transducer to dissipate heat and by 
the allowable temperature rise. Because P(max), as given by 
Equation (12), is independent of frequency, operation at P(max) 
or at some specified power level below P(max), as limited by 
stress or efficiency considerations, implies a greater rate of genera- 
tion of heat per unit volume of transducer for higher frequeney 
transducers, because of the decrease in length of the transducer 
with increasing frequency. Internal heat is generated not only by 
the internal damping of mechanical vibrations but by ohmic re- 
sistance, eddy current, and magnetic hysteresis losses. 

Lower limits to the frequency are imposed by the increased 
length, and: hence, increased cost of the transducer. It would 
be undesirable also from the viewpoint of ease in handling to have 
a transducer much longer than a section of drill collar (about 30 
ft). The.use of two or more sections for the transducer coupled 
by threaded joints is undesirable because of the excessive inci- 
dence of failure and excessive vibratory power losses in’ such 
joints unless they are fabricated to much greater precision than 
tolerable for repeated making and breaking in the field. 

Operation at given amplitude of nodal force F,, implies a par- 
ticular value of the amplitude of the fundamental component of 
velocity at the ends of the transducer, given by F,,/Z,, which is 
independent of frequency. Operation at P = P(max) likewise 
implies a certain velocity amplitude which is the same at all fre- 
quencies for a half-wavelength transducer. Consequently, the 
amplitude of vibration under optimum operating conditions 
would decrease with increasing frequency. For example, for 
g,, = 10,006 psi, the velocity amplitude is about 66 in/see. This 
makes & only 0.035 in. at 360 eps. 

It would not matter how small the displacement amplitude is if 
the foree-displacement characteristic assumed in this paper, as 
illustrated in Fig. 1(a), were strictly valid. Operation at higher 
frequencies and correspondingly lower displacements would 
merely imply lower peak forces and less energy per cycle, but the 
same power level. There is much indirect evidence, however, 
that there are effective thresholds in the actual foree-displacement 
characteristics of bits on rocks that preclude the use of too low a 
vibration amplitude for the purpose of doing mechanical work on 
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the rock, Experimental results indicate that this limitation is 
apparently already attained for solid-head bits with rounded 
tungsten carbide cutting edges at frequencies above about 100 
eps, but not for rotary bits up to about 500 eps. There may in- 
deed be no such limitations for rotary bits operated with & > & 
because the threshold force levels would be exceeded by the weight 
on the bit. Clearances and excessive damping in the cone bearings 
may set the upper frequency limit of rotary bits. 


Other Transducer Configurati The various relationships pre- 
sented in this paper are applicable only for half-wavelength 
transducers. Some of the advantages and disadvantages of using 
multiple half-wavelength transducers are discussed in reference 
[2], and a more complete analysis of the interaction of the 
transducer with the rock load should include the possibility of 
such other configurations, particularly for use at higher  fre- 
quencies. 

A common type of transducer configuration employed, for 
example, in the ultrasonic drilling of hard materials, includes a 
steel tapered section of decreasing cross-section area from the 
magnetostriction generator to the tool. Greater amplitudes of 
vibration are thus attained at the load for a given stress amplitude 
at the node of the transducer. Excellent results have been ob- 
tained experimentally in vibratory drilling of shallow holes in 
rock smaller in diameter than that of the transducer by use of 
It is doubtful that much, if 
anvthing, can be gained by terminating a down-hole transducer 


such an impedance transformer. 


with a tapered section to the bit. Since the bit must be larger in 
diameter than the transducer, the inertia load of the bit and its 
sub might be great enough to prevent attainment of the increased 
amplitude of vibration resulting from tapering. 
remains to be investigated. 

Effect of Vibrations on Torque. In the process of rotary drilling 
without vibration, the nominally steady weight on the bit, W, 
displaces the bit a distance W/A, into the rock. Each tooth 
rolls into contact with the rock, penetrates it to the distance 
W/K,, and rolls out again. 


However, this 


The work done in rolling through an 
angle between one set of tooth contacts and the next is given by 
the area of the indicator diagram of Fig. l(a) with Fy = W 
taming 


, ob- 


E, = (W?/2k,)(1 — a) (20) 


The situation is actually more complicated than this because of 
the variation in angular spacing between successive teeth with 
radial position. However, if N is some effective value of the 
number of loadings per revolution, which will not be precisely de- 
fined, the torque required to turn the bit would be given by 


L = (N/2m)(W2/2K,\(1 ~- 


(21) 
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Reference to Figs. l(a, d, and e), respectively, show that 
when vibrating, the torque required to turn the bit would be 
given by 


L, = 0, for -—1 < B < +1 
(N/2m)(1/2)K, &? (8 — 1)? 
for +1 < (2/a)-—1 4 (92 
(N /2mr)(1/2)K, &?((8 — 1)? — a(B + 1 — 2/a)?) 
for B 2 (2/a) — 1 


Hence, the ratio of the torque with vibration to that without 
vibration would be (the indefinite quantity N cancelling out) 


L,/L = (Ki&/W)*h(a, 8) (23) 
where h(a, 3) = 0,(8 — 1)2/(1 — a), or — ~a(B+1—- 
2/a)*]/(1 — qa) for the three respective ranges of 8 in Equation 


22). Since /W)? and W/F,, are known functions of and 


a, L,/L ean be plotted as a function of W/F’,,, obtaining Fig. 7 
for the ease of C = 2.00. 


It is noted from Fig. 7 that, over certain ranges of values of 
W/F,,, the torque with vibration is less than that without vibra- 
tion and for other ranges of values it is greater. This is in agree 
ment with experiment. The ratio of the torques approaches unity 
as W/F,, increases indefinitely, as would be expected for either 
increasing W or decreasing F,,. 

Comparison of Figs. 6 and 7 indicates that the torque begins 
to differ from zero at just about the positions for peak vibratory 
power. This occurs in this special case of C = 2.00 because the 
peaks come at values of 8 between 1/2 and 1, but it would not be 
true in general, 

\ zero or small value for the torque is a desirable condition for 
drilling with solid bits with radial wings, since bit wear would be 
thereby greatly reduced. A solid head bit is rotated mainly for 
the purpose of indexing the positions of impacts on the surface of 
the rock at the bottom of the hole. However, for rotary drilling, 
operation at zero or small torque means only that vibratory 
power is being substituted for rotary power. There is no point in 
substituting an expensive form of power for a less expensive form 
unless some other appreciable gain is achieved thereby, such as 
vreatly reduced bit wear or a substantial net increase in power 
level. What little evidence exists on the rate of wear of rotary 
hits in vibratory drilling indicates that this rate is about the same 
is for rotary drilling at the same penetration rate. Substantial 
net inereases in power level are obtained with vibratory drilling 
in hard rock, but the same increases can also be obtained at values 
of W/F,, for which L/L is approximately maximum by suitable 
choice of C. Operation at maximum L,/L would imply that not 
only would the vibrations themselves feed appreciable amounts of 
power into the rock, but also the power produced by rotation 
would also be substantially increased with no increase in rate of 
rotation or weight on the bit. 

It. is seen from Fig. 7 that the ratio of Z,/L may be quite high 
for values of a@ of 1/8 or less. Since the value of a would depend 
upon both the characteristics of the rock and the geometry of the 
hit, it may be possible to control the value of @ to some extent by 
suitable bit design. 


Evaluation of Vibratory Drilling 


In order for vibratory drilling to become economically com- 
petitive with rotary drilling, it would probably have to result in at 
least tripling the rate of penetration achievable by optimum ro- 
tary drilling techniques in medium to medium-hard formations 
|2]. The reason for this is essentially that the average cost of 
drilling a foot of hole depends on the ratio of the average cost of 
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operation per unit time to the average rate of advance of the 
hole per unit time, round trips included. The former factor 
would also increase appreciably for vibratory drilling as compared 
with conventional rotary drilling. 

For rotary drilling of a 10-in. hole in a medium hard rock like 
Columbus limestone (S = 40,000 psi), the operating values of 
the weight on the bit and rate of rotation as set by safe and eco- 
nomical drilling practice might be 40,000 lb and 60 rpm, re- 
spectively, resulting in a rate of penetration of about 40 ft/hr. 
This would require a power output to the rock of 40 hp, according 
to Equation (4). The problem of tripling this rate to 120 ft/hr 
involves the feeding of an additional 80 hp into the rock. 

For a transducer of 33 in. of cross-section area of nickel operat- 
ing at a maximum nodal stress level of 10,000 psi, the maximum 
power output available is 70 hp, according to Equation (19). 
In making this computation, /’,, was chosen to be 0.7 of its maxi- 
mum theoretical value for uniform excitation (15,000 Ib), which 
would represent a good practical transducer for such an elongated 
shape. The value of Q, = 100 was also assumed as representative 
of that achievable with careful design to reduce internal and ex- 
traneous external power losses. For the value of W given, W/F,, 4 
= 3.8, so that the torque might be expected to increase about 50 
per cent or so, depending upon the value of a, thus contributing 
an additional 20 hp. With suitable choice of operating fre- 
quency, again depending upon a, it should be possible to ob- 
tain maximum vibratory power under the same conditions as 


the maximum torque increase, resulting in a total power output 
to the rock of 130 hp. 

It is seen from these considerations that the required increase 
in power output to a medium hard rock might just about be 
-achievable under optimum conditions of design and operation for 
a transducer that follows the bit down the hole. In extremely 
hard rock, however, it is a relatively simple matter to multiply 
the rate of penetration several times with vibratory drilling, even 
with a transducer of poor design operating under far from opti- 
mum conditions. However, the primary interest in oil-well drill- 
ing is apparently in the economical drilling of rocks of medium 
hardness. 


Conclusions 


(1) An analytical technique has been developed for predicting 
the performances of vibratory drilling systems by considering the 
interaction between the generator of the vibrations, a magneto- 
striction transducer operated at resonance, and assumed force- 
displacement characteristics with hysteresis for the mechanical 
system consisting of the bit vibrating on the rock. 

(2) Most of the phenomena observed in laboratory and in field 
tests with vibratory drilling are predicted by this analysis. 
Among these phenomena are the waveform of the force between 
the bit and the rock, the dependence of the penetration rate on 
peak force and on-time, the comparative magnitudes of the 
fluctuation in penetration rates achieved by vibratory and rotary 
drilling in inhomogeneous formations, the double resonances and 
generation of subharmonies which occur under certain conditions 
of operation, the variation in power output with weight on the 
bit, the change in torque when vibrating, and the change in 7 
resonant frequency of the transducer produced by the rock load. 

(3) An important dimensionless parameter for the process of 
vibratory drilling, C, combining variables associated with the 
transducer and variables associated with the system consisting 
of the bit vibrating on the rock, has been established. Its value 
determines the natures of the curves of power output as a func- 
tion of the ratio of the weight on the bit to the magnetostrictive 
driving force. Some optimization analysis has been performed 
with respect to this parameter, resulting in an expression for the 
optimum operating frequency in terms of certain characteristics 
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of the transducer and of the system consisting of the bit vibrating 
on the rock. 

(4) The analytical techniques developed herein should be 
applicable to rock drilling with resonant mechanical systems 
driven by other means than by magnetostrictive transducers. 
They should also have more general applicability to predict the 
performances of resonant systems with nonlinear loads other than 
rock, particularly for the types of loads for which tension forces 
between the vibrating system and the load cannot exist. 

(5) Itis tentatively concluded that vibratory drilling in rock of 
medium hardness may be just about economically competitive 
with conventional rotary drilling. In order to obtain a more 
definite conclusion in this regard, the following research is re- 
quired: 


(a) Experimental measurements of the force-displacement 
characteristics of bits on rocks, with due consideration to their 
possible dependences on the relative frequencies of rotation and 
vibration for each given bit geometry and to the possible ex- 
istence of significant rate of loading effects for some rocks under 
some conditions of operation. 

(b) Theoretical and experimental work to correlate the force- 
displacement characteristics of bits as a whole with the relation- 
ships among the forces, energies, and volumes of rock fractured 
out by the individual teeth of the bits. 

(c) Extension of the present theory to include transducer con- 
figurations other than the half-wavelength vibrator and trans- 
ducers other than magnetostrictive. 

(d) Investigation of the possibility of developing bit designs 
more suitable for vibration drilling than standard rotary bits. 
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DISCUSSION 
L. W. Ledgerwood, 


The author is to be congratulated for summarizing the ana- 
lytical work done for Drilling Research, Inc., and for placing this 
summary in the publie record for future use by other researchers. 

It should be re-emphasized that this is a mathematical analysis 
of vibratory drilling. The author states that the analysis is 
developed for magnetostriction transducers but would be ap- 
plicable to other types of transducers, but it appears that perhaps 
further evidence should be developed to support this statement. 
Because of the lack of experimental work reported in the paper, 
we feel that perhaps a better paper title might be “An Analytical 
Study of Magnetostriction Drilling.” 

We note that the author limits the applicability of this work 
frequency to above 100 eps and below 1000 eps. We would 
like to have the author discuss the applicability of this analysis 
to sinusoidal force displacement systems below 100 eps and in 
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particular between 5 and 10 eps. Secondly, we also note that 
this is also confined to sinusoidal systems. We should like to 
have the author discuss its applicability to impact systems, that 
is, ones such as the Gulf hammer drill, the Hughes percussor, ete. 

We are fully aware of the reasoning leading to the choice of 
300 eps for the final form of the magnetostriction tool. With 
respect to this paper, however, we have several specific questions 
which we would like to ask: 


1 If the results of this mathematical analysis had been 
available, would 300 cps have been chosen as the desirable 
frequency for the magnetostriction tool? In other words, does 
this analysis predict that 300 eps is an optimum desirable con- 
dition? 

2 Concerning Conclusion 3, is it possible for an operator to 
use this mathematical analysis to (a) use a vibratory tool already 
designed in a better manner than is possible now, or (b) design a 
better operating tool? That is, how is the Factor C diseussed in 
the paper applied to a real case? 

3 Concerning Conclusion 4, would the author care to elaborate 
on the general applicability to other resonant mechanical systems? 
We do not believe there is sufficient evidence in this paper to 
show its applicability to such systems. 


We most certainly agree with the author’s conclusion con- 
cerning the need for further research on vibratory drilling, in 
particular, the items listed at the end of his paper. 


Author’s Closure 


The author wishes to thank Mr. Ledgerwood for his thoughtful 
comments and agrees that the title Mr. Ledgerwood suggests 
would be more pertinent to the contents of this paper. The 
author had originally intended to present a paper outlining the 
results of the laboratory and field experiments in vibratory 
drilling under the present title, and hopes to have the opportunity 
to do so in the near future. However, the author developed the 
analysis presented in this paper after the completion of the 
experimental research program for Drilling Research, Ine , 
and felt that the early publication of this analysis would be of 
greater value to future researchers in this field than publication 
of a summary of the experimental results already reported in 
References [1] and [2]. 

The frequency range of about 100 to about 1000 eps is men- 
tioned in the opening sentence of this paper in order to give the 
reader a concept of the approximate frequency range encom- 
passed by the term “vibratory drilling” as distinguished from 
the developments of drilling systems by other investigators at 
frequencies primarily below this range, using both sinusoids! 
and nonsinusoidal displacement systems. It was not intended 
to limit the applicability of the subject analysis to any particular 
frequency range; the analysis would be applicable to any fre- 
quency range in which the assumption that the action of the 
vibrating bit on the rock could be represented by a force-displace- 
ment characteristic with hysteresis is a sufficiently good approxi- 
mation to reality. In particular, this assumption might well be « 
much better approximation to reality for some types of rocks in 
combination with some types of bits at frequencies between 5 
and 10 eps than at the higher frequencies, as could be ascertained 
by performing the experimental measurements suggested in 
Conclusion (5). 

The particular analysis presented herein would not be appli- 
cable to nonresonant mechanical systems. However, it should 
be possible, in principle, to develop suitable analyses for such 
systems based on the assumptions presented in this paper 
regarding the nature of the interaction between the bit and the 
rock. The analytical development for a given 
impact system might be carried out as follows: (1 


mechanics! 
Start with a 
displacement versus time waveform for the bit as determined by 
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the driving mechanism, (2) compute the force versus time wave- 


form as determined by the assumed force versus displacement 
characteristic for the bit vibrating on the rock and by the applied 
weight on the bit, (3) ascertain what effects, if any, the computed 
reaction force on the bit would have on the displacement wave- 
form of the mechanism, (4) use the possibly modified displace- 
ment waveform to recompute the force waveform and repeat 
until successive approximations are in reasonable agreement, 
and finally (5 compute the mechanical power output to the 
rock 

The answers to the three specific questions are: 

(1 The analysis predicts that the value of the maximum 
mechanical power output to the rock should be independent of 
frequency, subject to the limitations discussed in the paper. 
This is in agreement with experiment. The optimum frequency 
discussed in the paper is the frequency at which the value of the 
weight on the bit should not be critical for obtaining operation 
at P(max) or at some usable fraction of /’(max). There would 
be no way of ascertaining the value of this optimum frequency 
from the results of the analysis alone, since the unknown constants 


A, and A 


of these constants would be measured by the suggested experi- 


are Involved in the expression tor f(opt The values 


ments 
(Z The dimensionless parameter C has been discovered as a 
result of this analysis as an important parameter in determining 
the nature of the curves of P/P(max) as functions of W/F,. 
It would be premature at present to say how this parameter 
might be used to obtain improved performance of present vibra- 
tory tools or to design better tools. The full ramifications of 
the effeets of the numerical value of C remain to be investigated; 
only two values of C were used by the author in computing curves 
of P/P(max) as functions of W/F 


for computing curves of L/L as a funetion of W/F 


and only a single value of C 
author did not consider it worth while to investigate the effects 
of the value of C 


more thoroughly until more experimental 
evidence is available on the nature of the foree-displacement 
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relationships of bits vibrating on rocks. If the assumed straight- 
line relationships of Fig. 1(a) do not represent sufficiently good 
approximations to reality, the definition of C would have to 
be revised to incorporate the physical constants descriptive of 
the revised characteristics. 

(3) The analysis developed is strictly applicable to the 
particular case of a column vibrating longitudinally at the 
resonant frequency of its fundamental mode and driven by 
magnetostrictive action distributed uniformly along its length. 
However, only slight modifications of the analysis would be 
required to make the analysis applicable to other mechanical 
resonant systems for which the rock load would not react on the 
system sufficiently to distort the sinusoidal waveform of the 
motion of the bit to any appreciable extent. These modifications 
are: (a) The reformulation of Equation (1) to an expression 
for the pertinent relationship between the amplitude of the 
displacement of the bit &, the Q of the new system, and the 
amplitude F, of the Fourier component of the lumped or 
distributed driving force at the resonant frequency of the new 
system, and (6) the reformulation of Equation (3) to incorporate 
the new pertinent expression for the stored energy as a function 
of &. All of the rest of the analysis would remain the same. 
The same curves of P/P(max) as functions of W/F, would be 
obtained, as illustrated in Figs. 4 and 5, witha different numerical 
scile for the abscissa because of the use of W/F, instead of W/F 
and a different definition of C to include F 


m 


and the mechanical 


characteristics of the new system analogous to Z,. These two 
modifications would also be the only ones needed to cover 
magnetostrictive drive systems other than half-wave vibrators 
or magnetostrictive drive svstems incorporating mechanical transi- 
Further- 
more, if the reaction of the rock load were great enough to alter 


tion elements between the vibrator and = bit. 


appreciably the sinusoidal nature of the motion of the bit, the 
successive approximation technique outlined here for use in the 
analyses of nonresonant systems could be employed also in 


the analyses of resonant systems. 
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Vibrations of Vertical Pressure Vessels 


This paper is primarily concerned with the vibration of vertical pressure vessels 


C. E. FREESE 


known as columns or towers. 


Mechanical Engineer, The 
Fluor Corporation, itd., Los 
Angeles, Calif. Mem. ASME 


The procedure for estimating the period of the first mode of vibration for columns 
which are the same diameter and thickness for their entire length is outlined. 


A graph 


is included for this purpose which recommends limits between vessels considered to be 
static structures and those considered dynamic. 

A method for designing vessels considered as dynamic structures is described as well 
asa detailed procedure for estimating the period of vibration of multithickness (stepped 
shell) vessels and/or vessels built to two or more diameters with conical transitions 
where the difference in diameter 1s small. 

There is a brief résumé of the ‘Karman vortexes” effect and a discussion regarding 
vibration damping by liquid loading and the benefit of ladders and platforms which help 
reduce the effect of periodic eddy shedding. 

The design procedure outlined will be useful to the practical vessel designer confronted 
with the task of investigating vibration possibilities in vertical pressure vessels. 


Introduction 


3 MANY YEARS it was customary to apply guy wires 
to tall, slender pressure vessels. In recent years, refinery and 
petro-chemical officials have demanded self-supporting vessels 
from the standpoint of plant appearance and safety. 

In order to design a self-supporting vessel of this type, the fol- 
lowing problems must be carefully analyzed: 


| When is it necessary to deviate from the common practice 
of designing a vertical vessel as a static strueture and consider 
it as a dynamic structure? 


Contributed by the Petroleum Division and presented at the ASME 
Petroleum-Mechanical Engineering Conference, Denver, Colo., 
September 21-24, 1958, of THE AMERICAN Society OF MECHANICAL 
NGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, July 9, 


2 What is the most practical method for designing to meet 
dynamic conditions? 

3 Does the method used produce consistent results and does 
it provide additional strength to resist the foree due to the 
mass-acceleration resulting from the motion of the vessel? 

4 Is the period of vibration of the dynamically designed vessel 
such that prevailing winds are not apt to cause excessive move- 
ment? 

5 Are the external attachments (such as piping, ladders, and 
platforms) distributed all around the vessel to guard against 
resonance due to eddy shedding in the ‘Karman vortex trail’’ at 
critical wind velocities? 

These problems will be discussed during the outline of a design 
procedure presented in this paper. 

Before proceeding, it should be pointed out that vessel vibra- 
tions induced by earthquakes are infrequent in occurrence and 
this paper is more concerned with vibrations induced by wind or 
other forces which may occur every day or many times during the 


1958. Paper No. 58—-PHT-13. day depending upon the location. 
Nomenclature 
f = lowest natural frequency of vibra- t = thickness of vessel shell, in. k = Strouhal number 
tion, cycles per second t = end slope of element in bending us 
of h= 12 thickness of vessel shell, ft a cantilever beam, radians (tan 
= = period of vibration, sec 
i y = deflection of element or section, ft 0 = 8) 
q = acceleration due to gravity y’ = distance from c.g. of vessel element P = internal pressure, psig 
W = total weight of vessel or vessel sec- or internal part (of weight w’) to S = allowable stress of vessel material, 
tion above horizontal plane seam or horizontal plane under psi 
under consideration, Ib consideration, ft M = moment about vessel seam or hori- 
W, = shear load at end of section, lb F, = seismic factor zontal plane under considera- 
w = unit weight, lb/ft E’ = 4320 * 108 = modulus of elas- tion, lb-ft 
w’ = weight of vessel element or internal ticity for steel, lb/ft? My = moment at end of vessel section 
part, Ib E = welded joint efficiency resulting from weight of sec- 
al le tions to the right of section 
total length, D*h = moment of inertia of ves- 
{ = length of element or section, ft 8 under consideration 
D = vessel diameter, ft sel shell cross-sectional area, ft‘ Cc corrosion allowance 
d = vessel diameter, in. V = velocity, ft/see R = Reynolds number 
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Design Procedure 


It is customary for most vessel designers to establish the mini- 
jyetiin vessel] shell and head thickness according to the pressure- 
temperature conditions and then caleulate the thickness required 
at the bottom head seam due to bending moments imposed by 
wind or earthquake forces [9].1. Stresses in the longitudinal 
direction are involved and the following notation may be used 
to summarize the thickness required: 


Pd 48M Ww 


l = tC 


| 1SE + O.8P TeSE TdSE 


The terms within the absolute value signs are positive for 
The first 
term gives the thickness required for the longitudinal stress result- 


tensile stresses and negative for compressive stresses. 


ing from internal pressure and is positive for pressures above 
The 


second term is the thickness required to resist the longitudinal 


atmospheric and negative for pressures below atmospheric. 


bending stress and both positive and negative values exist at the 
same time. The third term is the thickness required for the 
weight of the vessel above the seam being investigated and, since 
The com- 
bination giving the highest value establishes the thickness re- 


this is a compressive stress, it has a negative value. 


quired to resist the longitudinal stresses. 
Consider equation (1) for a typical. vessel operating at an in- 
ternal pressure greater than atmospheric: 


t= | + 0.275 + 0.307 — 0.063 | + 0.125 

The required thickness within the absolute value signs will have 

+0.519 in. and Therefore the 

minimum thickness required is 0.519 + 0.125 in. corrosion 
0.644 in 


Next consider equation (1) to appear as follows for the same 


two values; namely, 0.005 in. 


allowance = 


vessel operating under vacuum conditions: 
t = | —0.123 + 0.307 — 0.063 | + 0.125 


For this case, the two values within the absolute value signs 
are —0.493 and +0.121 in. resulting in a minimum thickness of 
0.493 + 0.125 in. = 0.618 in. 

As previously stated, the moment M is the longitudinal bend- 
ing moment due to wind or earthquake, either of which may be 
combined with eccentric loads imposed by mounting heavy 
equipment on the vessel. All designers are accustomed to 
evaluating moments due to eccentric and wind loads, but there are 
i few who may not be familiar with the method used for esti- 
mating moments due to earthquake. Therefore, the following 
brief outline is presented because this method is recommended 
us a design procedure for vessels where dynamic considerations 
ure required. 


The weight of each vessel element (shell, head, tray, or in- 
ternal part) is ealeulated and then multiplied by the vertical 
distance from the circumferential seam (or horizontal plane) under 
consideration to the center of gravity of the element. The sum- 
mation of the moments so found is multiplied by the seismic 
fuctor for the area where the vessel is to operate, thereby vielding 
1 moment disturbance. For 
vessels, the seismic factor will usually have a value of 0.03 to 0.12, 
depending upon the geographical location. 
miutically, 


due to earthquake or seismic 


Expressed mathe- 


M = PF, 2w'y’ (2) 


After the vessel has been designed in the regular manner 
(considered as a static strueture) it should be investigated regard- 
ing its possible behavior under vibration conditions. If the vessel 


' Numbers in brackets designate References at end of paper. 


718 FEBRUARY 


1939 


shell is of constant diameter and thickness for its full length, 
the period of vibration may be easily found from the graph shown 
in Fig. 1. This graph is plotted from the general formula for the 
period of the first mode of vibration of a cantilever beam [7]: 


Qa 
3.52 \ E’lg 


\'/2 
1.785 {| —— 3) 


For a steel cylindrical shell, equation (3) may be written: 


T = 7.64 107° D'h (4) 


T = 


By rewriting equation (4) in the form: 


T = 7.64 X 10° ( (5 
D h 


the variables (L/D) and (wD/h) are used as parameters to plot 
the graph in Fig. 1. 

One of the first graphs of equation (4) was issued by a major oil 
company for their refinery work. In its original form, all vessels 
having a period of vibration over 0.4 sec were ordered designed as 
dynamic structures and those having a vibration period of 0.4 
sec or less were ordered designed as static structures. Experience 
has shown that a more practical limit for this division is a line 
drawn from 0.4 see at the extreme left of the graph to 0.8 see at 
the extreme right and considering vessels having a period of 
vibration above this line to require dynamic consideration and 
The 
reason for revising the former limit is the fact that many vessels 
having small (L/D) ratios and large values of (wD/h) have given 
satisfactory service although their period of vibration exceeded 
0.4 see. In general, vessels having an (L/D) ratio less than 15 
are not apt to be eritical from a vibration standpoint. 


those below to require designing as a static structure. 


One ex- 
ception to this statement, unofficially reported to the author, in- 
volved two vessels operating near a railroad whereby they were 
vibrated by railroad equipment. Both vessels had a period of 
vibration considerably less than 0.4 see and their frequency proba- 
bly coincided with the frequency of the exciting foree, thereby 
causing resonance. This type of response is difficult, if not im- 
possible, to predict accurately and should be considered as a 
spegial case. 

I? investigation indicates that the vessel should be designed as a 
dynamic structure, the method of seismic analogy is recom- 
mended. This method consists of designing the vessel for earth- 
quake conditions using a seismic factor F, = 0.20, regardless of 
the geographical location. In most cases, the vessel will have 
thicker shell and head material in the lower section. As an ex- 
ample, consider a vessel 10 ft 0 in. diameter by !8/16 in. thiek by 
190 ft Oin. high which has an (1D) ratio of 19, and a period of 
vibration (after being designed as a static structure) of 1.65 see. 
This vessel, when designed as a dvnamie structure by the method 
of seismic analogy, resulted in a shell thickness of 13/,. in. for the 
upper 137 ft 0 in. and three lower sections consisting of 7/s, 6, 
and I-in. thick material (the supporting skirt increased from 1 
to 19/i¢ in.). The period of vibration was reduced to approxi- 
mately 1.4 see. 

Whereas the application of this method actually consists of 
trial and error, the experienced pressure vessel designer becomes 
very proficient in estimating how far down the vessel he ean utilize 
the material thickness which is based on pressure-temperature re- 
quirements, as well as the length of successive sections of thicker 
material, It is usually unnecessary to carry the seismic analogy 
into the design of the anchor bolts because this method is applied 
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only as a “yardstick” to provide reasonable protection with a 
minimum amount of additional material. However, anchor bolt 
stresses should be held low (15,000-16,000 psi) for these vessels 
or, if a higher stress is used, the design procedure outlined should 
be applied to them. Proper tightening of anchor bolts for vessels 
subject to dynamic behavior is of utmost importance and it is 
recommended that they should be pretightened to the predicted 
working stress to avoid stretching and loosening in service. It is 
definitely unnecessary to apply this method to the design of the 
foundation unless the vessel is operating in a seismic area. 

The design procedure just outlined produces consistent results 
and also provides additional material to resist the foree due to 
mass-acceleration of the vessel in motion. A number of years ago, 
approximate calculations indicated that the total foree due to 
wind load plus the force due to mass acceleration was about 1.5 
to 1.75 times the static force due to a 30 lb/ft? wind load for 
several different size vessels. It was found that the recom- 
mended design procedure resulted in shell thicknesses within a 
few thousandths of an inch of those obtained by the more lengthy 
approximation. Many critical vessels have been successfully in- 
stalled which were designed to the seismic analogy method just 
described. 

The same company that produced the first graph of equation 
(4) tentatively recommended the seismic design method using a 
0.20 seismic factor for their vessels requiring dynamic design in 
order to be on the “safe side.’’ Since this company was mainly 
interested in the response of vessels and other structures to earth- 
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Fig. 1 


quake induced vibration, they later revised their reeommenda- 
tions as follows: 


Natural period of vibration Marthquake coefficient 


Less than 0.40 see 0 20 
0 40 see to LO see 0.08 divided by period 
Creater than | see 0 OS 


Attention is again called to the fact that this paper is primarily 
concerned with vibrations induced by wind or other forces which 
occur more frequently than earthquakes and it should be noted 
that the vessel reported as Case If under Field Data is well 
within the later recommendations outlined here and vibration 
trouble was encountered. It is agreed that the current practice 
is probably adequate for earthquake design; however, all critical 
vessels (except the vessel reported as Case 11) designed and in- 
stalled by our company have been designed to the seismic 
analogy method using a 0.20 seismic factor. 

Not all vessels designed as static structures have the same 
thickness of shell for their entire length and some vessels are of 
more than one diameter. These vessels, as well as many designed 
as dynamic structures cannot have their period of vibration esti- 
mated from the graph in Fig. 1 or equation (4). It is also de- 
sirable to know the change in the vibration period resulting from 
dynamic design. Of the several methods referred to in reference 
books on vibration [1, 2, 3] the numerical integration of the 
equation 


FEBRUARY 1959 / 19 


| 
1/000 2 3 4 6 * 10,000 wD 4 6 7 100,000 2 3 1,000,000 


~ (6) 


is probably the easiest and safest method for the designer who is 
not a specialist in vibration to apply. This equation follows the 
Kayleigh method of approximation for finding the fundamental 
period of vibration as applied to a shaft or loaded beam on two 
supports. It will be shown that this equation is reasonably ac- 
curate for estimating the period of the first mode of vibration of 
vertical pressure vessels. 

equation (6) will result in an estimated period of vibration 
slightly lower than the actual period. The degree of accuracy is 
dependent upon the number of sections calculated in estimating 
the static deflections when the vessel is considered as a cantilever 
beam deflecting under its own weight. As an example, the period 
of vibration of a cylindrical shell 3 ft 0 in. diam by */qin. thiek by 
90 ft O in? high was estimated under two separate conditions. In 
order to eliminate nonuniformly distributed masses, this shell was 
considered to have tray sections at one-foot intervals from the top 
When calculated to 
equation (4), the period of vibration was found to be 1.088 sec. 
Dividing the shell into nine sections, each 10 ft Oin. long and 


to the ground and the heads were omitted. 


calculating the period to equation (6) resulted in an estimated 
period of L.08 see which is 0.735 per cent low. On the other hand, 
when this same shell was divided into five sections having lengths 
of 30 ft Oin., 20 ft Oin., 15 ft Oin., 15 ft 0 in., and 10 ft Oin., the 
estimated period of vibration to equation (6) was 1.068 see which 
Most 


vessels designed as dynamic structures have five to ten sections 


is 1.84 per cent lower than the results from equation (4). 


similar to the latter division and the weight is not always uni- 
formly distributed. Field tests have shown the calculated period 
of vibration to be 1.5 to 4.5 per cent lower than the observed 
periods for several different size vessels. This is in good agree- 
ment for large structures and it is reasonable to assume that the 
period of vibration obtained by the numerical integration of equa- 
tion (6) will be approximately 5 per cent lower than the actual 
period 

equation (6) is not difficult to integrate numerically, but care 
must be exercised to make certain that all factors affecting de- 
fleetion are included. Instead of following a complete numerical 
integration, some designers prefer to estimate the deflections at 
the center of each section graphically by either the area-moment 
or conjugate beam method. The same results will be obtained. 
The choice of method depends upon the personal preference of the 
individual. An outline for the numerical integration of equation 
(6) when applied to vertical pressure vessels is given in the 
Appendix of this paper. 


Discussion of Wind Effects 


Tall, cylindrical structures such as pressure vessels and stacks 
are subject to being put in oscillatory motion by wind currents. 
The motion is at right angles or normal to the direction of the 
wind. This phenomenon is usually referred to as resulting from 
the Karman vortex trail [4, 5, 6, 10]. The relationship between 
wind velocity and frequency of eddy shedding is given by the 
equation 

D 
= — (7) 
k Tk 


Since we are primarily concerned with the resonant condition 
which occurs when the frequency of eddy shedding equals or is in 
the neighborhood of the natural frequency of vibration for the 
vessel, the symbols for the vessel frequency and period of vibra- 


tion are shown in equation (7). 


From this equation, we can 
estimate the critical wind velocity for most vessels. 
The value for k was first determined in 1878 by V. Strouhal as 
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0.185 and is known as the Strouhal number [10]. It is assumed 
by some authorities to be within 0.18 to 0.27 and dependent upon 
the velocity of flow [4]. The reproduced graph shown in Fig. 2 
gives the variation of the Strouhal number with the Reynolds 
number as obtained experimentally by Relf and Simmons [10]. 
Research engineers, employed by the same company as the 
author, reported the following values for k obtained from full size 
vessels after erection [12]: 


k = 0.133, for a 7.67 O.D. insulated vessel at a wind velocity 
of 39.6 ft/see (27 mph) 


= 0.189, for a 3.0 O.D. vessel at a wind velocity of 32.25 
ft ‘sec (22 mph) 


| 


The difference between the values reported from field data and 
the graph is probably due to the size of cylinders tested and the 
method of support. When the velocity of the wind is such that the 
frequency f in the equation corresponds to the natural frequeney 
of the vessel, resonance occurs and the vessel will oscillate at an 
excessive amplitude. Since aerodynamic stability theory and 
caleulation methods are beyond the scope of this paper, the 
reader should refer to Steinman’s paper [10] and similar publica- 
tions for additional information on this subject. 

One vessel, not designed to the seismic analogy method out- 
lined herein, gave trouble due to wind induced vibration. This 
vessel is identified as Case Il under Field Data. It was found to 
be free from vibration when the wind was blowing from a direc- 
tion such that nearby equipment disturbed the flow pattern and 
it is conceded by some individuals that the external attachments 
also helped to reduce or nullify the effect of periodic eddy shed- 
ding. It is recommended that any vessel, where possible vibra- 
tion trouble is indicated, should have the external appurtenances 
located around its circumference and not placed on only one or 
two sides as was done with this vessel. The break in vertical 
ladder runs demanded by some states helps to accomplish this 
beeause intermediate platforms and ladders are distributed cir- 
cumferentially. The same vessel which gave trouble when empty 
has been satisfactory after liquid loading. Therefore the ad- 
ditional damping effect of liquid loading cannot be ignored—on 
the other hand, neither can too much confidence be put in it as 
a cure-all. 

Some engineers are also concerned regarding the possibility of 
the vessel being vibrated at a frequency corresponding to its 
second mode of vibration. The second mode of vibration for a 
cantilever beam has a frequency of 6.37 times the frequency of the 
first mode [7]. This relationship will not necessarily hold true 
for multithickness and/or multidiameter vessels and more in- 
volved methods of analysis for the second mode frequency have 
to beemploved. The Ritz method [8] which is a further develop- 
ment of Rayleigh’s method can be used for these eases. It is 
sometimes referred to as the Rayleigh-Ritz method and should be 
applied by designers specializing in vibration problems. For 
the average vessel, it is not unreasonable to assume that the sec- 
ond mode frequency might occur between five to six times the 
frequency of the first mode. If a wind velocity of thirty miles an 
hour has been estimated to induce vibration in the first mode, it is 
reasonable to conclude that vibrations in the second mode will 
not be induced by any wind less than one hundred fifty miles per 
hour. On the other hand, a vessel subject to vibration in the first 
mode by winds of only ten miles an hour might be vibrated in the 
second mode by winds of fifty to sixty miles per hour if external 
attachments do not interfere with the periodic eddy shedding. 
Swrounding structures and terrain will also have some bearing 
on the considerations involved 

Tt is not the intention of this paper to overamplify the possibil- 
ity of the second mode of vibration. Some engineers maintain 
that vibrations in the second mode could be catastrophic; how- 
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ever, to the knowledge of this author no ease of this type of fail- 
ure has ever been recorded. 
second mode vibration in 


In fact, no one has reported a 
a self-supporting vertical pressure 
vessel and vessels are in service which have (L/D) ratios in 
the neighborhood of 40:1. Steinman’s paper refers to the 
Meier-Windhorst tests at the Hydraulic Institute at} Munich 
(1939) wherein the hydrodynamic oscillations of eylinders 
yielded sharply defined results for (a) the low velocity range, (6) 
critical range, and (c) high velocity range, and further states 
that, “In these vortex induced oscillations, there is no ‘catas- 
trophic range’ of increasing amplification with unlimited in- 
crease of steam velocity”’ [13]. 


Discussion of Correction Methods 


This paper would not be complete without a brief discussion of 
possible remedies if trouble occurs. One of the first things done to 
the vessel reported as Case IT under Field Data was to try a 
spring loaded damping device originally designed by a large 
process engineering concern and shown in Fig. 3. This device had 


practically no effect on the behavior of the vessel. It can be 
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argued that the spring load of 800 to 1000 Ib results in a horizontal 
force of only about 200 to 300 Ib at the top of the vessel and this 
small force will have very little effect on a moving vessel weighing 
50,000 to 300,000 Ib. If the spring load is doubled, the resisting 
load at the top of the vessel is still a small factor in reducing 
vibration or limiting the resulting deflection. However, if an 
accurate estimate ean be made of the vertical expansion for the 
operating temperature involved, the spring could be designed and 
installed so that the assembly resulted in full cable tension during 
operation. This in turn becomes a hazard, because of possible 
cable breakage which would endanger personnel. It has been 
suggested that the spring could be entirely eliminated, but this 
does not appear attractive due to the thermal expansion of the 
vessel during operation and the subsequent danger of cable 
breakage just outlined. Carrying the wires over sheaves and 
then straight down to the foundation as shown in Fig. 4 has simi- 
lar drawbacks. Aerodynamic paneling similar to that used on 
the pipeline suspension bridge [6] has also been suggested, but is 
not always desirable from other standpoints, such as appearance 
and easy access to all sections of the vessel. If paneling is used, 
the sections should be attached by bolting them to clips which 
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have elongated or oversize holes to provide differential expan- 
sion during operation. In some cases additional rolled plate can 
be applied at the lower section which will increase the stiffness 
and lower the period of vibration. Vertical beams welded for the 
length of the vessel could be used, but are not recommended be- 
cause of their restraining effect under thermal conditions and 
possible discontinuity stresses. One practical approach is to de- 
sign the vessel so that there is a separate section in the top which 
ean be partially filled with liquid (water or mercury if high 
density is required). The action of the liquid will rapidly dampen 
‘the vibration and help prevent excessive amplitude build-up, be- 
cause at the instant the oscillatory motion has its maximum 


acceleration, the liquid is still moving in the opposite direction: 


thereby creating a damping effect. This is the same effect (only 
of greater magnitude) as observed from the tray liquid reported 
in Case If under Field Data. Of course the choice of liquid and 
the possibility of using this type of damping is dependent upon 
the temperature involved. To date, it has not been necessary to 
resort to any of these methods for vessels designed to the method 
outlined in this paper. 


Field Data 


Casel 54 in. LD. & 146 ft-0 in. High Vessel Shown in Fig. 5. 

This vessel was designed to the seismic analogy method de- 
scribed in this paper. - Field engineers checked the period of vibra- 
tion by setting the vessel in motion and observing its frequency 
and amplitude with a surveyor’s transit sighted on a target rod 
mounted horizontally at the top of the vessel. A stop watch was 
used to time the number of cycles. This vessel could be oscillated 
by two men exerting a back-and-forth motion at the top plat- 
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Fig. 4 


CREF 


form. Whereas formal data were not retained, the engineering 
records show that they found the period of vibration to be 1.67 
see. Caleulating the period of vibration by the Rayleigh ap- 
proximation (6), using six sections gives a period of vibration of 
1.61 see which is 3.6 per cent lower than the observed period. 

Although the calculated wind velocity required to cause 
resonance is only 10-12 mph, this vessel has operated without any 
difficulty. The external attachments were well distributed about 
the circumference. 
Case ll S4in. I.D. X 145 ft-6 in. High Vessel Shown in Fig. 6. 

This vessel was not designed to the seismic analogy method. 
The thickness of the shell was increased in the lower section to 
withstand a high wind loading. During the construction period, 
this vessel was observed to be vibrating under certain wind 
conditions and, not only was the amplitude great enough to be 
alarming, but the anchor bolts stretched and an adjoining re- 
boiler was loosened at its foundation. 

tesearch engineers were sent to the field and made a compre- 
hensive study of the installation. It was observed that resonance 
occurred at wind velocities in the neighborhood of 27 mph. As 
previously mentioned, critical vibration was induced when the 
wind came from a certain direction and, although the vessel 
could be mechanically vibrated from any direction, the vessel was 
“frequency-polarized” due to the orientation of the trays and 
welded downcomers. The maximum amplitude was 0.45 ft during 
resonance. 


The vibration was recorded by strain gage-oscillograpbh equip- 
ment and accurate wind velocity readings were recorded at several 


different elevations. The recorded amplitude measurement was 
checked with a surveyor’s target rod and transit as outlined 
under Case T. 
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During the investigation, the Strouhal number for this column 
(7.67 ft O.D. of insulation) and another 3 ft D column was ob- 
tuined. These are reported in the Design Procedure section of 
this paper. 

Using the term “per cent decrement,’ defined as each amplitude 
having a swing equal to a certain percentage less than that of its 
predecessor, this column was found to have a 31/2 per cent decre- 
ment when the vessel was empty and a 14 per cent decrement 
when the trays were liquid loaded. 

The logarithmic decrement for this column is approximately 
0.035 without liquid loading and approximately 0.133 loaded with 
liquid, 

The calculated period of vibration of 1.42 see is 4.05 per cent 
lower than the observed period of 1.48 see. 

Case ll 36in.1.D. X 42in I.D. X 131 ft-O in. High Vessel Shown 
in Fig. 7. 

This vessel, which was designed to the seismic analogy method, 
has « calculated period of vibration of 1.61 sec. Field readings 
were taken in the manner outlined under Case I. The read- 
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Fig. 6 Fig. 7 


ings shown in Table I were taken before the insulation was ap- 
plied. The average observed period of vibration is 1.64 see. 
The readings shown in Table II were taken after the ins lation 
was applied. The column was also pressurized at 210 psig and 
had a bottom temperature of 340 F and a top temperature of 90 
F. There was no liquid on the trays but there wag about four 
feed of liquid in the bottom. 
still air. 


Both sets of readings were taken in 
The average observed period is 1.69 sec. 

The calculated period of vibration is only 1.83 per cent lowe: 
than the average from Table I and 4.15 per cent lower than the 
average from Table IT. 

The numerical integration of equation (6) consisted of con- 
sidering the skirt to be 51 in. average diameter and the 42 in. D 
section as extending to the top of the conical reducer. In addi- 
tion, the upper 51 ft 9 in. consisting of */, in. thick plate was 
divided into three sections as was the 46 ft 7 in. of 7/s-in. thick 
plate of the 42 in. D section, making a total number of 9 sections. 

Calculations indicate a critical wind velocity in the neighbor- 


hood of 8-10 mph for this vessel. No excessive movement has 
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TABLE | 


Number 


Amplitude at 
of Cycles 


Amplitude at 
Start - Feet 


Percent 
Finish — Feet 


Decr’t. 


] 38 24 0.15 0.05 4.66 


91.5 | 31 0.20 0.05 4.52 


3. {49 | 30 0.20 | 0.05 467 


67 | 40 0.20 | 0.03 4.75 


0.05 4.67 


2 | 30 | 0.20 
3 


[504 | 31 0.20 | 0.05 452 


Aver. >» 


4.63 


TABLE Il 


Shears Time - | Number | Amplitude at | Amplitude at | Period - | Percent 
Seconds | of Cycles | Start - Feet | Finish - Feet | Seconds | Decr’t. 

1 | 332] 20 030 | 005 | 166 | 900 
3 38.2 | 22 0.30 0.05 1.74 | 8.18 


[1 1382] 22 1 030 | 005 1741818 


Aver.» 1.69 | 8.48 


been re ported ind here again, the external attachments are well 
distributed about the circumference. 

The increased per cent decrement in Table TL is partly due to 
the addition of the insulation which would have a more noticeable 
effect on a small diameter column Internal pressure is believed 
to increase the stiffness and probably was a contributing factor. 
Whereas the bottom liquid is near the base and would not be ex- 
peeted to contribute to the inerease in per cent decrement, it 
could conceivably have some effect 

The corresponding logarithmie decrements for the two condi- 
tions are 0.045 and 0.082 


Conclusion 


| Self-supporting vertical pressure vessels should always be 
Investigated regarding their possible behavior under vibrating 
conditions 

2 If the statically designed vessel has a period of vibration 

such that it is necessary to consider it as a dynamie structure, it 
should be designed to the seismic analogy method using a 0.20 
seismic factor. [tis not necessary to apply this analogy to anchor 
bolts, if the y are nol stressed over 15,000- 16,000 pst. 
3 The period of vibration of multithickness vessels and most 
multidiameter vessels may be estimated by the numerical inte- 
gration of equation (6). The length of the sections used for solv- 
ing equation (6) should not exceed twenty to twenty five feet in 
order to have the estimated period within approximately 5 per 
cent of the true period. Complicated units with long, conical 
transitions (making it impractical to consider the cone as a 
straight shell having uniform properties) require more involved 
methods of approximation, or recognition that the estimated 
period for these units, if estimated to equation (6), may be more 
than LO per cent in error. 

t Phe evaluation of wind velocity effects should include con- 
siderations pertaining to the distribution of external vessel at- 
tachments as well as the surrounding equipment and terrain. It 
should be borne in mind that liquid loading in vessels having 
trays will help dampen vibration, but should not be relied upon 
asa cure-all, 

5 Anchor bolts must be properly pretightened to a torque 
which will prestress them an amount equal to their estimated 
working stress, otherwise they may stretch sufficiently to affect 
the period of vibration and possibly work loose. 
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6 If vibration trouble does occur, careful analysis of any pro- 
posed remedy must be made in order to avoid trouble from some 
other source. 
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APPENDIX 


| Estimating Period of Vibration 


The weights of the following items are used for estimating the 
period of vibration when applying equation (4) (or the correspond- 
ing graph of this equation) or when numerically integrating equa- 
tion (6): 


1 Weight of Shell and Heads. 

2 Weight of Trays, Caps, and Internals. 
3. Weight of Manways and Nozzles. 

4 Weight of Insulation and Fireproofing. 


The total weight (items 1 through 4) of the vessel or vessel 
section is considered as a uniformly distributed load acting on the 
vessel when it is considered as a cantilever beam, i.e., a cantilever 
beam deflecting under its own weight. Note that equation (4) 
requires the total weight to be divided by the total length in feet 
to obtain the unit loading in pounds per foot, whereas equation 
(6) and the deflection equations shown in Fig. 9 are based on the 
total weight of each section under consideration. 

The numerical integration of equation (6) is accomplished by 
dividing the vessel into the required number of sections—-one 
section for each different thickness of plate with no section ex- 
ceeding twenty or twenty-five feet in length, keeping in mind 
that the greater the number of sections, the more accurate will be 
the estimate. 

After determining the weight and moment of inertia for each 
section, estimate the deflection at the e.g. of the section either 
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graphically or by the numerical procedure outlined herein. When 
applying the numerical procedure, it is necessary to find for each 
section (except the last one at the free end) the deflection at the 
center, the deflection at the end, and the end slope due to (a) 
the uniformly distributed load W, (6) the end moment, and (¢) the 
shear load. These are found from the standard defleetion equa- 
tions shown in Fig. 9. The last section at the free end requires 
Reference 
to Fig. 8 will immediately disclose that the last section on the free 
end does not have an end moment \V/> or a shear load W, to take 
into consideration and the end deflection and end slope are not 
required to find the total deflection at the center. The center 
of gravity of each section is considered to be at its midpoint. 
Before proceeding with the deflection estimate, the designer 


only the deflection at its center due to its own weight. 


should find all of the shear loads and end moments as shown in 
Fig. 10. 

It is then a simple matter to find the total defleetion of each 
section, square the deflection, and then tabulate the weight times 
the deflection and the weight times the deflection squared for 
each section, so that they may be added to find Wy and Wy? as 
shown in Fig. 11. 

Equation (6) may be written 


\'? 


to further simplify the arithmetic after the weight-deflection data 
are found. 


(8) 


As previously mentioned, many designers prefer to graphically 
estimate the deflection, but the numerical method is suggested for 
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those who do not regularly use” graphical methods. Actually 
either method requires about the same amount of arithmetic 
except those working graphically usually do not keep a detailed 
record of their areas and moments. 


Il Determination of Per Cent Decrement 


Let XY = amplitude of first swing 


decrement 
100 


Note: A five per cent decrement 
means that each swing is 5 
per cent less than its prede- 
cessor. 


Then: 


first swing amplitude 
second swing amplitude 
third swing amplitude 


or 
Nth swing amplitude 
and 
per cent decrement 


100 (1 — A) 


The term per cent decrement is of value when comparing the 


damping effect of different loading conditions for the same column. 
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DISCUSSION 
M. Ludwig? 


This paper deals with a problem that has long challenged this 
writer and his associates. His recommended procedure for 
calculation of dynamie wind forces can, however, lead to much 
more costly designs than we have found to be necessary. The 
author is primarily concerned with the possibility of forced 
resonant vibrations stimulated by transverse cyclic wind forces 
associated with the Karman vortex trail and, to deal with this 
possibility, suggests that flexible vertical pressure vessels be 
designed to resist a lateral foree equal to 20 per cent of the 
gravity force. This lateral force is, for most flexible vessels 
(those with shell thicknesses greater than 0.4 in. if the total mass 
is twice the mass in the shell) greater than our customary design 
for either wind or earthquake. The justification for use of 
this seismic force is not presented, either as factor for a seismic 
design or for avoiding wind-induced vibrations. 

An anomalous the author’s “seismic analogy’ 
method of design is that it logically leads to the conclusion that a 
simple vertical cylindrical shell, such as a steel smokestack up 
to 0.8 in. thick, requires no special consideration because of 


feature of 


possible wind vibration, whereas « fractionating column of the 
same thickness and diameter must be strengthened because of 
the added mass due to insulation, trays and fluid thereon, 
ladders, piping, and other appurtenances. Such a conclusion 
cannot be supported by past experience; excessive vibration of 
steel stacks has oecurred, whereas vibration of fractionating col- 
umns has seldom been a problem. The author notes one case of 
this stopped when the 
column was put into operation; either the liquid on the trays 
provided adequate damping or the added mass of the liquid 
increased the natural period to a less critical value. 

Our own experience is that fractionating columns can be 
safely designed for static wind loads alone. 


fractionating column vibration but 


The possibility of 
excessive wind vibration simply appears too remote to justify 
any added expense to prevent such vibration. Strengthening 
of the steel shell, by adding thickness, merely reduces the natural 
period of vibration and increases the wind velocity necessary 
to produce forced oscillations; it is not at all safe to assume that 
it would eliminate or reduce the amplitude of 
that might otherwise occur. 


vibrations 


Why is it that tall vertical pressure vessels, such as fractionat- 
ing columns, are far less severely affected by wind vibration than 
are self-supporting steel smokestacks? The greater mass per 
unit of gross cross-sectional area cannot alone be responsible 
since large above-ground oil pipelines have been observed to 
vibrate in the wind. There will be added aerodynamic damping 
because of attached platforms, piping, ete., but it ean be shown 
that the energy absorbed by this form of damping is probably 
not enough to limit the vibration amplitude to reasonable values. 
The external irregularities due to platforms, piping, ete., could, 
however, reduce the applied periodic wind force. 

A sound theoretical analysis for forced vibration of the resonant 
frequency will answer the question raised in the previous para- 
graph. Actual numerical values for the possible vibration 
amplitude and resulting stress can be evaluated if the damping 
constant for the column can be determined or estimated. The 
detailed analysis, although straightforward, is too lengthy for 
inclusion in this brief review, but the final equations are listed. 
It is assumed that the vessel vibrates in a sustained wind as a 
uniform cantilever beam in the fundamental mode. 


Cc 


A, = 3.30 X 10-* ——- — 
Find Bi 


(9) 


2 Standard Oil of California, San Francisco, Calif. 
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o 5.81 KX 10° E 
= 5, 
S?inA BtL? 


in which 


A,, = maximum vibration amplitude at top of column 
B = ratio of total mass per foot to mass per foot of steel shell 
C = coefficient for peak periodie wind foree—given as 1.71 by 
Steinman (reference [10] of the paper) 
= diameter of shell 
= modulus of elasticity of steel 
height of column 
Strouhal number 
thickness of shell 
= amplitude ratio for two successive maxima for free os- 
cillations 
natural logarithm of A. 
rement.”” 


(This is the “logarithmic dee- 

The “damping ratio” or ratio of actual to 
critical damping is equal to the logarithmic decrement 
divided by 27.) 

o = peak vibratory stress at base of column 


Any consistent set of units may be 
As a numerical example, let 


used in these equations 


C= 1.71 
S = 0.20 
B = 2.00 
D = 4.00ft 
150 ft 
= lin.or!/ ft 
E = 30 X 10° psi or 4320 X 104 psf 
InA = 0.10 (damping ratio = 0.10/27 = 0.0159 


Then, from equation (9), A,, = 0.135 ft or 1.62 in 
From equation (10) or (11), ¢ = 1270 psi. 

The possible deflection and stress calculated here are hardly 
large enough for concern. The assumed damping is reasonably 
small but could be much less without results. As a 
matter of further interest, the natural period of vibration for 
this column is 2.39 sec, the wind velocity for resonant vibrations 
is 8.4 fps, and the Reynolds number for this wind velocity is 
214,000. 


1.71 and S around 0.20, as was assumed. 


serious 


This is within the region where C should be around 

A value of 1.71 for 
It actually determines 
the peak value of the periodic force, which probably includes 
higher harmonics; the coefficient for the fundamental frequency 
component may be substantially less. 


(is probably the maximum obtainable. 


Also, the coefficient. will 
be less if the column is not a true circular cylinder or if the 
teynolds number is greater than 500,000. 

Note especially, as shown by equation (11), that the bending 
stress is, for a given damping ratio, proportional to the cube o1 
the diameter, inversely proportional to the square of the height 
inversely proportional to the shell thickness, and inversel 
proportional to the mass ratio B. The greater values of the 
thickness and mass ratio for pressure vessels, as compared to 
steel smokestacks, are particularly important in minimizing the 
seriousness of possible wind-excited vibration. Thus, bot! 
experience and theory lead to the conclusion that vertical pressure 
vessels, such as fractionating columns, are not nearly as likely to 
vibrate excessively in the wind as are self-supporting steel smoke- 
stacks. 
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Earl J. Hicks* and J. R. Sellers‘ 


The author implies that the vibration of a tall vessel is a case 
of foreed vibration, with resonance occurring when the Karman 
vortex trail frequency corresponds with the natural frequency of 
the vessel. This is supported by Baird [14]° in his investigation 
of a pipeline bridge vibration. We have had a similar experience 
with a pipeline bridge in which « critical wind velocity was ob- 
served. A search of the literature finds an exception to this with 
experimental data to support the claim that tall stacks vibrate 
as self-excited vibrational systems with no critical wind velocity 
causing forced vibrational response. Ozker and Smith [15] 
make the following statements in the summary and conclusions 
portion of their paper which are contrary to this paper: (1) 
“The stack structure under wind action constitutes self- 
excited vibrational system’: (2) “The vibrational frequency is 
the natural frequency of the structure and remains constant for 
all wind velocities’: (3) “The stack is at resonance at all times’’; 
(4) “There is no critical wind velocity in the sense of forced 
Vibrational response’; and (5) “The amplitude increases with 
increasing wind velocities.” If this were found to be true for a 
stack, could it not also be true for a tall vessel? The bulk of 
the data seems to support the theory of forced vibration excited 
by the Karman vortex trail, but there is this one notable excep- 
tion. There may be others. 

The basic assumption in calculating the natural frequency 
of a tall cylindrical vessel is that the base is fixed at the top of the 
foundation. This implies that the horizontal displacement or 
deflection is due to the elastic deformation of the vessel and that 
the horizontal displacement due to the elastic deformation of 
the soil is negligible. This means that the vessel would act like 
a true cantilever beam fixed at one end. This is one extreme 
assumption. 

The opposite extreme assumption would be that the vessel 
and foundation is a rigid structure resting on an elastie subgrade. 
This implies that the horizontal displacements of the tower are 
negligible compared to the deflection due to deformation of the 
soil 

Assuming the latter assumption to be correct, it can be shown 
for a vessel on an octagonal foundation resting on an elastic 
subgrade that the natural frequency of vibration is equal to 
the following: 


where 


B short diameter of the base in feet 


H distance between the base and the center of gravity of 
the foundation and vessel 

d, coefficient of dynamic subgrade reaction 

q static soil pressure per unit of area 


From this equation the following conelusions can be drawn. 
The softer the supporting soil, the lower is the natural fre- 
quency and the frequency may be raised by increasing the area 
of the foundation base [16]. 

In general, observed frequencies have been lower than the 
caleulated frequencies. This is probably due to the vessel and 
foundation acting together in a manner somewhere in between 
the two extreme assumptions. If the supporting soil is relatively 
strong, the first assumption is more nearly correct. If the 


8 Engineering Department, Phillips Petroleum Company, Bartles- 
ville, Okla. Mem. ASME, 

‘Engineering Department, Phillips Petroleum Company. 

& Numbers in brackets designate References at end of this dis- 
cussion 
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supporting soil is relatively soft, the actual condition tends to 
approach the second assumption. Past observations on various 
stacks have indicated reasonably close agreement between the 
observed frequency and the calculated frequency, the latter 
being based on the fixed cantilever beam assumption. If the 
frequency of a vessel is determined, assuming a fixed cantilever 
beam, and the supporting soil is soft, the error would be on the 
unsafe side; that is, the calculated critical wind velocity would 
be high. 

The method of design suggested for wind induced vibration 
appears to be arbitrary and most likely finds justification in the 
number of successful towers. It would be desirable to have a 
more analytical approach to the problem. Apparently, any 
relation between the wind induced vibration and the 0.2 seismic 
factor is purely coincidental. 

It appears a more realistic approach would be to equate the 
energy input in terms of amplitude to the energy dissipated in 
terms of amplitude and solving for the amplitude where the energy 
input is equal to the energy dissipated. The vibrations at this 
point would be an undamped steady-state free vibration and the 
resulting amplitude would be a maximum. Knowing the maxi- 
mum deflection, the maximum stress could be readily calculated. 
If the resulting stresses are excessive, then other methods to 
dissipate the energy would have to be used. 

This method would require reasonably accurate knowledge 
of the coefficient of lift C,, the Strouhal number S, and damping 
decrement 6. Only meager information on the numerical value 
of these coefficients is available at this time. It appears desirable 
to study the loads and dynamic response in a series of wind tunnel 
tests. Does the author know of any such studies? 

Aerodynamic paneling, liquid loading on trays, and liquid 
chambers are practical solutions. One other worth mentioning 
is that of tieing adjacent vessels and structures together. 
Vessels arranged in a triangle or square with common ties have 
a different vibrational mode and a higher resonant frequency 
than a single tower. In addition, more damping is introduced. 
A single vessel tied at an intermediate level to an adjacent 
structure will vibrate in a different mode and higher frequency. 
These ean be used as safeguards for vessels classed as critical. 

The liquid chamber suggested is one form of the Frahm dy- 
namic absorber system. A word of caution should be given on 
this application. The Frahm dynamic absorber system has two 
resonant frequencies and one frequency of zero amplitude. 
\ properly sized liquid chamber would decrease the amplitude to 
zero at one frequeney, reduce it over a limited range of fre- 
quencies, but amplify it at two frequencies outside this range. 
In other words, at certain frequencies the liquid may not slosh to 
oppose the vibration, but instead be in phase to amplify it. 
Frahm antiroll tanks for ships are dealt with in Den Hartog’s 
book [17]. A liquid chamber appears to be an energy absorber 
of this same type. 

In Case IIT, no excessive movement has been reported although 
the critical wind velocity is in the neighborhood of 8-10 miles 
per hour. In Case I, the vessel has operated successfully with 
a calculated wind velocity to cause resonance of 10-12 miles 
per hour. Both of these vessels were designed to the seismic 
analogy method. In Case IT where the seismic analogy method 
of design was not used, the vessel vibrated during the construe- 
tion period. Does the author imply that since Cases IIT and I 
were dynamically designed and Case IT was not that this was the 
main reason that vibration did not oceur or could it be that 
the ladders and platforms were distributed around the former 
two vessels such that the formation of the Karman vortex trail 
does not materialize? It appears that the ladders, platforms, 
piping, and insulation might be the major factor in preventing 
vessels from vibrating. No doubt there are many vessels with 
a height to diameter ratio greater than 20 which are operating 
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satisfactorily and have not been designed as recommended by 
the author. The author implies that any vessel with a period 
which falls above the line shown in Fig. 1 should be designed 
dynamically. Would this be true for vessels whose heights are 
less than 100 or 75 or 50 ft? In general, is there some ap- 
proximate height regardless of the H/D ratio where vessels 
below this height would not have to be investigated? 

Although the author does not say specifically that the vessel 
should be designed such that the “critical wind velocity” is 
high enough to exclude the possibility of the second mode of 
Vibration, it is mentioned. If this item is not critical, then 
why is it necessary to use such an accurate and time consuming 
method to determine the period when it could probably be 
estimated by other methods. Apparently, the designers were 
not concerned in Cases I and III about the low critical wind 
velocity since they were designed dynamically. 

The author’s paper.is very timely indeed and is viewed with 
considerable interest since the trend in pressure vessel design is 
to increase their height and decrease the internal pressure. We 
wish to compliment him on a very excellent paper and also 
thank him for stimulating our interest in the subject. 
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L. Acquaviva’ 


The proposed criteria for dynamic design of pressure vessels 
appear to yield more conservative results than the method we 
have been using for many years. It appears that the seismic 
coefficient of 0.20 applied on all vessels with height to diameter 
ratio exceeding 15 or natural period exceeding 1.0 see may be too 
conservative based on our experience. For example, as an ex- 
treme case, there is a tower within the Esso interests which is 
173 ft high, topmost 40 per cent of height is 6 ft 6 in. in diameter 
and lower 60 per cent 5 ft 0 in. in diameter. The approximate 
LD ratio is 30, natural period of vibration 3.7 see and critical 
wind velocity 6.5 miles per hour for the top section. The tower 
is on pile foundations and has given no vibration difficulties 
even though subjectedl many times to the critical wind velocity 
for the top section; nor has there been any tendency to vibrate 
at its second mode for which the critical wind velocity is about 
40 miles per hour. The bottom section shell thickness for this 
vessel is 7/g in. The thickness required to conform with the 
proposed dynamic design would be 1°/s in. 

Unlike steel stacks, for which there are many instances of 
excessive vibration reported in technical literature, Case IT 
in the paper is the first example to our knowledge of such oc- 
currence in vertical pressure vessels. In this case, the maximum 
amplitude of 0.45 ft during resonance does not appear to be of 
sufficient magnitude to cause excessive stresses in the vessel 
shell. It would be of interest to know if any remedial measures 
were taken in this case. 


6 Esso Research and Engineering Company, Linden, N, J. 
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Donald J. Bergman’ 


This paper is particularly interesting because it includes some 
actual field data which have been extremely difficult to get. It 
seems important to note that minor changes in resonant fre- 
quency have little effect on the over-all situation as this merely 
results in a slightly different wind velocity to reach resonance. 
It was much more important to note how greatly the liquid on 
the trays of a column increased the damping effect. This ab- 
sorbs the energy of the wind forces and cuts down the magni- 
fication factor, decreasing the maximum amplitude of vibration. 

We had several instances of stack vibration starting in 1938, 
The 
first key to the causes came from Sir James Jeans’ book “Science 
and Musie.’”’ Here the comment was made that a set of eddies 
broke off from a cylindrical surface every 5.4 diam along the 
wind stream and that these eddies caused a push from side to 
side, 


all far removed and all solved by use of permanent guys. 


The example was given of a ship with ! » in. rigging at 
sea in a 40-mile gale where the frequency comes out to cor- 
respond to middle “C”’ on a piano. 

The policy of providing light guys and spreaders was adopted 
for columns with high L/D ratios and springs were provided 
to take care of column elongation by heat. Several hundred 
columns were thus equipped over past years without having one 
ease of resonant vibration. Perhaps this was just fortuitous 
because of presence of ladders, platforms, ete., to interfere with 
resonance, and absence of critical winds. Most of these columns 
were within the critical range as defined by the author. 

Later study indieated the same conclusions that the author 
reached: That the guys and springs were probably not effective 
and, consequently, about a year ago provision of these guys 
was abandoned. Since then one tower was found to have a 
resonant period with the wind and permanent guys were added. 

Perhaps it should be noted that the elasticity of fixed guys 
actually makes them springs with a very high spring constant. 
Limiting the movement of the tower is the desired result, and 
this the guys do by resisting the wind forces. 

The lateral forces resulting from the action of the Karman 
eddies seem to be somewhat greater than the normal wind drag 
for any wind velocity. With a low decrement, or high magni- 
fication, say, 20, only a relatively small force, 1 lb/sq ft, is re- 
quired to give the deflection obtained when designing for a 
100-mile per hour wind at 20 Ib/sq ft, on the projected area 
of the column 

The lateral forces generated on cylinders were actually utilized 
shortly after World War I by the German Flettner rotor ship 
which eruised from Germany to New York using two 10 X 60-ft 
cylinders mounted on the deck and rotated in order to furnish a 
fixed instead of an oscillating force. 

Rouse’s book “Engineering Hydraulics’? on page 130 gives 
formulas for an approximation of the aerodynamic lift caused 
by the Karman eddies on fixed and rotating cylinders. Ad- 
ditional information for higher Reynolds numbers was obtained 
from Prof. L. Landweber of the Iowa Institute of Hydraulic 
Research by correspondence. For the 7.67-ft column which gave 
trouble with a 27-mph wind, I calculate a loading of 9.1 lb/ft 
or 1.18 Ib/sq ft of projected area. Stiffening a column and in- 
creasing its frequency will decrease the deflection for a given 
load, but the wind forces increase as the square of the wind 
velocity . 

Some comment was made regarding the second mode of 
vibration. This will always require a very much higher wind 
velocity than the first mode, but the column is so much more 
stiff because of the complicated second mode curve that it is 
probable that vibration is not noticeable if it does oceur. 


7 Engineering and Development 
Products Company, Des Plaines, Ill. 
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Patent no. 2604838, dated July 29, 1952, to W. B. Traver, of 
Standard Oil Company of Indiana, teaches provision of a rough- 
ened surface near the top of a stack either by small strips ranging 
from '/, to 1 in. depth, or by the use of steel grating. This 
increases the skin resistance on the surface of the cylinder to 
prevent formation of Karman eddies. However, it does not 
seem to be a very practical remedy because of the cost of at- 
taching the large number of small strips to the stack. 


Author’s Closure 


Before replying to specific questions or comments, the author 
wishes to thank the discussers for their review and comments per- 
taining to the design of vertical vessels subject to vibration. 

It is hoped that sufficient interest has been stimulated in this 
subject to result in obtaining more field data than we presently 
have at our disposal. Up to the present time very little has been 
lone to obtain information pertaining to tall, slender vessels. If 
no complaint was received from the operators, it has been as- 
sumed that no critical vibration would ever occur. This is a nor- 
maland expected attitude; however, it has not contributed to our 
knowledge of vessel behavior as heights have increased. 

\s pointed out in this paper and described more in detail in the 
pauper given by Mr. Baird, we have had definite experience with 
one vessel which did give trouble and, after completing this paper, 
the author was informed that this vessel still has to have anchor 
bolts retightened at intervals which indicates that some excessive 
vibration may still be taking place. 

The author does not agree with Mr. Ludwig that we can gen- 
eralize regarding the relationship of total mass to the mass of the 
shell itself. Mr. Ludwig’s use of a mass equal to twice the mass of 
the shell in his 4-ft O-in. diam  I-in. thick example would result 
i very heavy internals. To me, each vessel should be considered 
ndividually during the design stage. Obviously, there will be 
those where conditions of terrain and prevailing winds will cast 
loubt regarding the justification of added cost to the vessel. 

Che cost angle of designing to the method recommended in this 

per has been overemphasized. Taking Mr. Ludwig’s example 
wid designing it to the 0.2 seismic analogy results in the following 


thicknesses: 


Top 104 ft--l-in. plate (orig. thickness) 
Next 16 ft--1! ,-in. plate 
Next 8 ft—1'/,-in. plate 
Next 8 ft-—13/,-in. plate 
Next 8 plate 
Skirt 6 ft--17/\e-in. plate 


rhis represents an increase of only 7,500 lb added to a vessel 
originally designed as 146,000 lb (when 16,000 lb is subtracted for 
insulation). This approximation is based on ASTM A-212-B 
Material, S.R. and x-rayed, and includes !/s-in. corrosion allow- 
ance in the l-in, plate, which means that this vessel would have 

-in. thickness for resisting pressure in the hoop direction. We 
then have 7/)6in. of material available to resist the bending in the 
ongitudinal direction. Mr. Ludwig ignores the pressure stress 
ven he reports his bending stress due to his estimate of the maxi- 
num amplitude of vibration. Costwise, this vessel would repre- 
sent an investment of approximately $36,500 as_ originally 
outlined. The added material and labor would be approximately 
$1350 which is an increase of only 3.7 per cent. In this case, 
the added material accomplishes two things; first, it increases the 
~cction of the vessel where bending stresses occur and will reduce 
the possibility of failure from fatigue, a condition which could 
exist if the critical wind velocity was prevalent; second, it gives 
more resistance to bending if a harmonic condition occurs. 

Mr. Ludwig reported a critical wind velocity of 8.4 fps or 5.7 
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mph, and apparently used a 4-ft O-in. diam with his selected 
Strouhal number of 0.20. Adding 3 in. of insulation, and using 
a Strouhal number of 0.18 (based on field data for two vessels re- 
ported in the paper) gives a critical velocity of 7.1 mph for the 
vessel as originally outlined and 7.8 mph for the design as recom- 
mended in the paper. (The period of vibration decreased from 
2.39 to 2.19 sec.) It is agreed that the recommended design does 
not materially affect the critical wind velocity for most vessels. 

It is also agreed that stacks may cause more trouble from vibra- 
tion than vessels, because they do not have liquid loading and are 
usually lighter in weight. However, the inference pertaining to 
ignoring a stack of 0.8 in. thick should be further clarified, because 
the L/D ratio would determine whether or not the stack should be 
designed for vibration. Also, there is no mention of stacks in this 
paper and it is not recommended that this design procedure should 
be applied to them. Since processing is not involved, stack de- 
signers usually increase the resistance to vibration by a generous 
conical section in the lower zone which sometimes runs from 
1/,to 1/3 the height of the stack. The pressure vessel designer can 
seldom resort to this because of internal construction. In order 
to clarify the statements concerning stacks, the following tabula- 
tion is based on Mr. Ludwig's definition of a flexible vessel; i.e., 
one with a shell thickness greater than 0.4 in. if the total mass is 
twice the mass in the shell: 


Vessels 
Diam, Shell th, wt /ft,? Max L, 
in. in. lb L/D ft 
36 7/16 360 20 60 
18 7/16 180 18 tz 
60 7/16 600 17 85 
tz 7/16 720 15 90 
® This is double the wt/ft for 7/\6-in. plate. 
Stacks 
Diam, Shell th,’ wt /ft, Max L 
in. in. lb L/D ft 
36 7/16 180 24 72 
48 7/16 240 S4 
60 7/16 300 19 95 
72 7/16 560 Is 108 


* L/D and max L values for stacks actually are independent of 
shell thickness because the value of the abscissa (wD/h) of the graph 
shown in Fig. 1 does not change as the material thickness is changed 
(wand h are proportional). 


A comparison will show that the 36-in-diam vessel can be con- 
sidered as a static structure if not over 60 ft high, whereas the 
36-in. stack could be considered as a static structure up to 72 ft 
high, regardless of its thickness. 


Similar values are shown for 
other diameters. 


As previously mentioned, it was not intended 
to apply the graph shown in Fig. 1 to stacks. However, there does 
not appear to be a great discrepancy in this respect when it is re- 
alized that all of the metal put in a stack may be used for struc- 
tural strength since there is no internal pressure. 

Stacks are frequently built using the thinnest calculated ma- 
terial thickness, and sometimes local buckling has occurred due to 
warpage and/or external forces. I do not believe a true compari- 
son between stacks und vessels can be made. 

The calculation of the periodic force and resulting amplitude 
is difficult to make with any degree of accuracy, because we lack 
field data on vessels. Past attempts to apply some of the data 
from Reference [10] in the paper have not always give results con- 
sistent with the field data taken to date. This does not mean 
that approximations of this nature should not be made, but we 
cannot place too much reliance in them. 

Mr. Ludwig’s bending stresses are very low because he in- 
cluded all of the shell material for bending, whereas in actual de- 
sign work we have to combine the pressure stresses with the bend- 
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ing stresses. Also, Mr. Ludwig’s stress is based on his estimate of 
the amplitude and ignores the fact that a deflection exceeding the 
normal amplitude might result if resonance occurs, as reported for 
the vessel outlined as Case IT and reported by Baird. 

Mr. Hicks and Mr. Sellers discuss the possibility of the founda- 
tion and soil-bearing capacity as contributing to the flexibility of 
the system. This possibility has not been ignored. However, 
there has been no observation to justify this assumption. A 
check into the effect of anchor bolt stretch did not affect the period 
of vibration estimate sufficiently to bother with it-—other than to 
require pretightening to reduce elongation during vessel deflec- 
tion. When the total mass of concrete and the surface charge of 
earth is considered, it is difficult to agree that they materially in- 
fluence the natural frequency. If the soil bearing capacity is low, 
it is usually necessary to drive piles to support vessels and similar 
heavy equipment. 

The desire for the analytical approach is appreciated. How- 
ever, pressure vessels do not always lend themselves to 4 true 
scientific analysis. In this ease, so many variables exist that as- 
sumptions made in order to solve equations are apt to produce 
misleading results. The fact that a number of successful vessels 
have been built using this somewhat empirical approach is rea- 
sonable justification for its consideration. If we cannot justify a 
design method on the basis of suecessful operation, then we would 
be forced to discard many of our practices which are based on ex- 
perience, including earthquake design. It is also noted that some 
reviewers are equally positive that it is unnecessary to take any 
precautionary measures because they have not experienced any 
difficulty in the past. 
where the variables are too many to draw a definite conclusion and 
data pertaining to location, terrain, wind currents, detail vessel 
design, and vibration for each case ure not available. 


Therefore, we have one more instance 


If we had 
at our disposal sufficient data taken from existing units, we 
probably could work out a more analytical approach 

To my knowledge there have been no wind-tunnel tests pertain- 
ing to vertical vessels except those mentioned in Reference [10] 
Investigation of testing models for tall, slender columns will im- 
mediately reveal that, in order to obtain reliable data for L/D 
ratios of 30 and 40 to one, the model size will be difficult to work 
with, because the diameter is so small in order to avoid excessive 
height. Some of the larger wind tunnels could probably handle 
models large enough to be practical, but the cost would be very 
high. 

Connecting critical vessels to nearby structures or to adjacent 
vessels is always desirable if the location of the equipment permits. 
This cannot be accomplished in many instances. 

I do not agree that the use of a single liquid chamber is com- 
parable to Frahm antiroll tanks. The type of motion differs and 
I believe that there is very little possibility of the liquid ampli- 
fying vibration. However, as pointed out in Conclusion No. 6 in 
the paper, any proposed remedy must be carefully analyzed to 
avoid additional trouble from some other source. 

The paper does imply that the vessel reported under Case IT 
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might have been satisfactory if designed to the seismic analogy 
method, but there is no proof of this. Recognition is given to the 
desirability of distributing ladders, platforms, and other acces- 
sories circumferentially about the vessel to reduce the effect of 
periodic eddy shedding. 

The heavy reference line shown in Fig. 1 is independent of 
height and considers L/D ratios more important than height. A 
vessel 30 in. in diameter and 90 ft 0 in. high can be more critical 
than a 200-ft 0-in-high vessel of a larger diameter. This reference 
line from 0.4 sec on the left to the 0.8 see on the right of the graph 
isempirical. There certainly are vessels having periods of vibra- 
tion above this line which were not designed as recommended that 
are satisfactory. This line at one time was a horizontal line at 0.4 
sec, and experience indicated that it could be safely changed as 
shown. Future data may result in another revision for this limit. 

The method outlined in the paper for numerically estimating 
the period of vibration for a vessel having a shell varying in thick- 
ness is intended for designers who are not experts in vibration. 
We are programming this work for co mouting machines along with 
our other vessel program, but computing machines are not always 
available, and other methods of approximation are not very re- 
liable unless performed by experts in the field of vibration. It is 
not always necessary to estimate this period and frequently it can 
be approximated by using the graph in Fig. 1. It is up to the de- 
signer to decide the degree of accuracy he wishes to attain. 

The column described by Mr. Acquaviva has considerable dif- 
ference in the diameter of the top and bottom section. Our ex- 
perience has been that vessels of this type are not as critical as 
tall, slender columns which are the same diameter for their entire 
length. I have some reservation regarding the accuracy of esti- 
mating critical wind velocities for this type of vessel when the di- 
ameter difference exceeds 6 to 12 in 

Here is another example of experience and each individual will 
have his own idea of a correct solution. 

If I were compiling data pertaining to existing vessels, I would 
definitely attempt to include all possible information on surround- 
ing structures, wind currents, and geological data, in addition to 
details of vessel construction. A successful installation in one 
locality may not be trouble free in another. 

The vibration dampener shown in Fig. 3 in the paper was ap- 
plied to the vessel which vibrated at an excessive amplitude. This 
had practically no effect on the behavior of the vessel, but was not 
removed. Liquid loading helped to prevent excessive amplitude 
build-up, but as previously mentioned, it was recently discovered 
that the anchor bolts have to be retightened at frequent intervals 

My reply regarding cost of designing to a 0.2-seismic factor was 
included with the reply to Mr. Ludwig’s comments. 

Mr. Fred Ruud’s statement that the U.S. Bureau of Reclama- 
tion uses a seismic analogy method for some of their tall vessels 
is particularly interesting in view of the fact that seismic factors 
of 0.25 to 0.30 were mentioned, and the author wishes to thank 
Mr. Ruud for his interest and express regret that he did not have 
the opportunity to prepare written discussion on this paper 
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In a paper published by the author in 1951! a chart (Fig. 4) 
was included to indicate safe operating limits for carbon and 
alloy steels in hydrogen service, being based on information 
available at that time 

Until recently, the information obtained showed the limits to 
be adequate and in certain installations to be slightly on the 
conservative side. However, information has now been received 
concerning failures of carbon steel at low pressures and very high 
temperatures. The data were supplied by committees of the 
American Petroleum Institute and the American Society for 


1G. A. Nelson, “Metals for High-Pressure Hydrogenation Plants,” 
~ Trans. ASME, vol. 73, 1951, pp. 205-213. 
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Revisions to Published Chart: 
Metals for High-Pressure Hydrogenation 
Plants 


Metals. They indicate that in long-time service, welded carbon 
steel suffers hydrogen attack at limits below those which would 
be resisted by steel in the un welded condition, 

In view of these data, which show attack on welded steel under 
conditions below those for unwelded steel, it is considered ad- 
visable to install a curve on the chart to indicate safe operating 
limits for equipment fabricated in this manner. Accordingly a 
new chart No. VT-627, Fig. 1, has been drawn to incorporate this 
line. A slight adjustment has also been made to the limit for un- 
wel ded steel, reflecting data received since issuance of the paper 
concerning the long-time performance of ordinary steel. Aside 
from the changes to the earbon-steel limit, the curves for low- 
alloy steels remain the same as on the former chart. 
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